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(1) Let V be the indefinite integral operator V : L2([0, 1]) → C0([0, 1]), which is defined by

V f(x) =

∫ x

0

f(t)dt .

Obviously, it is linear operator. By Holder inequality 1, exist δ such that if |x − y| < δ,
then

|V f(x)− V f(y)| <
∫ y

x

|f(t)|dt ≤ ∥f∥2|y − x|

Hence, it is equicontinuous. Hence, we can conclude that V (U) is compact in C0([0, 1]).
That is, V is compact operator.

(2) Show that L2([0, 1]) equipped with inner product ⟨f, g⟩ =
∫ 1

0
f(t)g(t)dt is Hilbert space.

(3) Let {ψi =
√
nχ[ i−1

n
, i
n
]}ni=1 and {ϕi =

√
n
n
}ni=1 be othornormal vector2 Consider∫ x

0

f(t)ψi(t)dt =

f(ξi)
√
n
n

if i
n
≥ x

0 o.w.
.

For convenience, let

∆
(n)
i =


√
n
n

if i
n
≥ x

0 o.w.
Let

Vn =
n∑

i=1

⟨f, ψi⟩ϕi =
n∑

i=1

f(ξi)∆
(n)
i

1√
n

which is finite rank operator. We could see that

V f(x) = lim
n→∞

Vnf(x) =
n∑

i=1

f(ξi)
1

n
.

(4) This is approximate property about compact operator on Hilbert space.

1In your Homework.
2It is not basis.


