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TA: SINGYUAN YEH

1. Why superscripts and subscripts

In mathematics convention, vectors are denoted by lower indices as ∂i , and covectors are
denoted by upper indices as dxi. Hence, a covector eat a vector and spit a value, which can be
written as

dxi(∂j) = δij .

Hence, the operator Ai
j could be regarded as a matrix that map a vector (covector) to another

vector (covector). For example, operator A map vector Xi to Ai
jXi, where Xi is a vector, so Ai

jXi

is the new vector.
However, in physics convention1, they write the components, so vectors are denoted by upper

indices as ai∂i , and covectors are denoted by upper indices as ωidx
i.

Remark that when we write metric gij is a 2-form (covector), we use the idea of physics
convention. That is, gijdxi ⊗ dxj.

2. Christoffel symbols

Usually, we write Christoffel symbols Γk
ij but it’s not a good type. Let’s look inside the

definition of Christoffel symbols. Starting from covariant derivative, we know

∇i(a
j∂j) = (∂ia

k + Γk
ij)∂k ,

where a vector X = ai∂i. Hence, Christoffel symbols are a map, which is decided by eating a vector
i, and then the matrix (Γi)

k
j maps a vector j to another vector. Precisely, (Γk

ij)jk is a matrix-valued
1-form,

(Γk
ij)jk ∈ Γ(T ∗M ⊗ gl(n,R)) .

Therefore, the Christoffel symbols should be written as

Γ k
ij

which align k with j. Thus, we usually write

∇i = ∂i + Γi .

1Please refer to Carroll [4].
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If we write Γk
ij, it means eat a vector j, and then (Γj)

k
i maps a vector i to another vector.

However, Γ k
ij = Γ k

ji if torsion free, so it doesn’t matter whether Γk
ij or Γ k

ij is written. But the
next section is important, and actually, every books has their own definition, so be careful
about that.

3. Riemannian curvature

The definition of Riemannian curvature is

R(X,Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z

where X,Y, Z is tangent vector. Wrire in coordinate form,

R(∂i, ∂j)∂k = Rijk
l∂l .

THat is, it eat two vectors i, j and then R(∂i, ∂j) or (Rij)
l
k map a vector k to another vector.

Precisely, (Rijk
l)kl is a matrix-valued 2-form,

(Rijk
l)kl ∈ Γ(T ∗M ⊗ T ∗M ⊗ gl(n,R)) .

Hence, in John Lee [2], the index k and l are aligned and placed last,

Rijk
l∂l = R(∂i, ∂j)∂k .

On the other hand, in Mantredo do Carmo [1], the index k and l are aligned and placed first,

Rl
kij∂l = R(∂i, ∂j)∂k .

Therefore, remind yourself all the time

Rl
ijk ̸= Rijk

l .

By the way, I memorize the curvature formula as Rijk
l = ∂iΓj − ∂jΓi −ΓiΓj +ΓjΓi and filled

in k, l by the same position, Rijk
l = ∂iΓ

l
jk − ∂jΓ

l
ik − Γ ξ

ikΓ
l
jξ + Γ ξ

jkΓ
l
iξ
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