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ARTICLE INFO ABSTRACT

2000 MSC: This study focuses on the analysis of signals containing multiple components with crossover
65T99 instantaneous frequencies (IF). This problem was initially solved with the chirplet transform
42C99

(CT). Also, it can be sharpened by adding the synchrosqueezing step, which is called the syn-

42A38 chrosqueezed chirplet transform (SCT). However, we found that the SCT goes wrong with the
Keywords: high chirp modulation signal due to the wrong estimation of the IF. In this paper, we present the
Time-frequency analysis improvement of the post-transformation of the CT. The main goal of this paper is to amend the es-
Synchrosqueezing transform timation introduced in the SCT and carry out the high-order synchrosqueezed chirplet transform.
Chirplet transform The proposed method reduces the wrong estimation when facing a stronger variety of chirp-

Multi-component signals

E modulated multi-component signals. The theoretical analysis of the new reassignment ingredient
Crossover instantaneous frequency

is provided. Numerical experiments on some synthetic signals are presented to verify the effec-
tiveness of the proposed high-order SCT.

1. Introduction

Time series analysis is getting increasingly important in many fields, including radar system analysis, seismic wave detection,
medical signals, etc. Due to the non-stationarity of the systems, the observed signals are always oscillatory and in the form of multiple
components. Many time-frequency (TF) analysis tools have been invented to decompose and clarify them. The reassignment method
(RM) manages to sharpen the representation. Empirical mode decomposition (EMD), the short-time Fourier transform (STFT), the
STFT-based synchrosqueezing transform (FSST), or its higher order version, like the vertical second-order synchrosqueezing (VSST)
and the n-th order STFT-based SST (FSSTn) were developed to retrieve the signals component by component. However, these methods
require some specific separation conditions. To decompose a signal properly is an important issue before we start to analyze it.
However, the reassignment method (RM) [1,2] has the problem of invertibility. One cannot retrieve the mode information after
performing the RM. EMD [3,4] and the short time Fourier transform (STFT) [5] for multi-component signal requires the “separation
condition”, that is to say, if a signal f(¢) has the form as
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$n$


$f(t)$


\begin {equation}f(t) = \sum _{k=1}^{K}f_k(t)= \sum _{k=1}^{K}A_k(t)e^{2\pi i \phi _k(t)} \label {Xeqn1}\end {equation}


$A_k(t)$


$\phi _k(t)$


$\phi '_k(t)>0$


$k\neq j$


$\left |\phi '_k(t)-\phi '_j(t)\right |\geq \Delta $


$\Delta $


$t$


$\Delta $


$3$


$\left |\phi _{k}^{\prime }(t)-\phi _{l}^{\prime }(t)\right |+\left |\phi _{k}^{\prime \prime }(t)-\phi _{l}^{\prime \prime }(t)\right | \geq 2 \Delta $


$k\neq l$


$f_k(t) = A_k(t)e^{2\pi i \phi _k(t)}$


$\epsilon $


$\epsilon $


$k$


$\phi '''_k(t)$


\begin {equation}f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)} \label {Xeqn2}\end {equation}


$K\in \mathbb {N}$


$f_k(t)$


$f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)}$


$f(t)$


\begin {equation}\mathrm {TI}_f(t,\omega ) = \sum _{k = 1}^{K}A_k(t)\delta (\omega -\phi '_k(t)) \label {Xeqn3}\end {equation}


$\delta $


$f \in L^2(\mathbb {R})$


$g\in \mathcal {S}(\mathbb {R})$


$\mathcal {S}(\mathbb {R})$


$\mathbb {R}$


$f$


\begin {equation}V^{(g)}_f(t, \xi ) = \int _{\mathbb {R}}f(x)g^*(x-t)e^{-2\pi i \xi (x-t)}dx \label {Xeqn4}\end {equation}


$g^*$


$g$


$|V^{(g)}_f(t, \xi )|^2$


$t$


$\xi $


\begin {equation}T^{g,\gamma }_{f}(t, \omega ) = \frac {1}{g^*(0)}\int _{\{\xi : | V^{(g)}_f(t,\xi ) | > \gamma \}} V^{(g)}_f(t,\xi )\delta (\omega - \hat {\omega }_f(t, \xi ))d\xi \label {Xeqn5}\end {equation}


$\tilde {\omega }_f(t,\xi ) = \frac {1}{2\pi i}\frac {\partial _tV^{(g)}_f(t,\xi )}{V^{(g)}_f(t,\xi )}$


$\hat {\omega }_f(t, \xi ):= Re\left (\tilde {\omega }_f(t,\xi )\right )$


$\tilde {\omega }_f(t,\xi )$


$f\in L^2(\mathbb {R})$


\begin {equation*}\tilde {t}_f(t, \xi )=t-\frac {\partial _\eta V_f^{(g)}(t, \xi )}{i 2 \pi V_f^{(g)}(t, \xi )}\text {. }\end {equation*}


$V_f^{(g)}(t, \xi ) \neq 0$


$\partial _t\left (\frac {\partial _\eta V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right ) \neq i 2 \pi $


\begin {equation*}\tilde {q}_f(t, \xi )=\frac {\partial _t \tilde {\omega }_f(t, \xi )}{\partial _t \tilde {t}_f(t, \xi )}=\frac {\partial _t\left (\frac {\partial _t V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right )}{i 2 \pi -\partial _t\left (\frac {\partial _\eta V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right )}\end {equation*}


\begin {equation*}T^{g,\gamma }_{f}(t, \omega ) = \frac {1}{g^*(0)}\int _{\{\xi : | V^{(g)}_f(t,\xi ) | > \gamma \}} V^{(g)}_f(t,\xi )\delta (\omega - \hat {\omega }^{(2)}_f(t, \xi ))d\xi \end {equation*}


\begin {equation*}\begin {aligned} \tilde {\omega }_f^{(2)}(t, \xi )=\left \{\begin {array}{cc} \tilde {\omega }_f(t, \xi )+\tilde {q}_f(t, \xi )\left (t-\tilde {t}_f(t, \xi )\right ) & \text { if } \partial _t \tilde {t}_f(t, \xi ) \neq 0 \\ \tilde {\omega }_f(t, \xi ) & \text { otherwise } \end {array}\right . \end {aligned}\end {equation*}


$\hat {\omega }^{[2]}_f(t, \xi ) = Re\left (\tilde {\omega }_f^{(2)}(t, \xi )\right )$


$Re\left \{\tilde {q}_{t, f}(t, \eta )\right \}=\phi ^{\prime \prime }(t)$


$f(t) = A(t) e^{i 2 \pi \phi (t)}$


$\log (A(t))$


$\phi (t)$


$Re\left \{\tilde {\omega }_{t, f}^{(2)}(t, \eta )\right \}$


$\phi ^{\prime }(t)$


$2$


$2$


$3$


$f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)}$


$f(t)$


\begin {equation*}\mathrm {TI}_f(t,\xi , \lambda ) = \sum _{k = 1}^{K}A_k(t)\delta (\xi -\phi '_k(t))\delta (\lambda -\phi ''_k(t))\end {equation*}


$\delta $


$f\in L^2(\mathbb {R})$


$g \in \mathcal {S}(\mathbb {R})$


$(t, \xi , \lambda )$


\begin {equation*}T_f^{(g)}(t,\xi ,\lambda )= \int _{\mathbb {R}}f(x)g^{*}(x-t)e^{-i 2\pi \xi (x-t)- i \pi \lambda (x-t)^2}dx\end {equation*}


$t\in \mathbb {R}$


$\xi \in \mathbb {R}$


$\lambda \in \mathbb {R}$


$g$


$T_{f}^{(g)}(t, \xi , \lambda )$


$(t, \xi , \lambda )$


$f(x) = e^{i 2\pi \xi _0 + i \pi \lambda _0 x^2}$


$T_f^{(g)}(t,\xi ,\lambda )$


$\frac {1}{\sqrt {|\lambda _0 - \lambda |}}$


$\xi $


$\xi _0+\lambda _0 t$


$\lambda $


$T^{(g)}_f(t, \xi , \lambda )$


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$\alpha > 0$


$\alpha $


\begin {align*}&S_{f}^{(g, \alpha )}(t, \xi , \lambda ):= \iint _{\mathbb {R}^{2}} T_{f}^{(g)}(t, \eta , \gamma ) h_{\alpha }(\xi -\omega _{f}^{(g)}(t, \eta , \gamma )) h_{\alpha }(\lambda -\mu _{f}^{(g)}(t, \eta , \gamma )) \mathrm {d} \eta \mathrm {d} \gamma \end {align*}


$\mu _{f}^{(g)}(t, \xi , \lambda )$


$\omega _{f}^{(g)}(t, \xi , \lambda )$


\begin {equation*}\mu _{f}^{(g)}(t, \xi , \lambda ) =\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )},\end {equation*}


\begin {equation*}\omega _{f}^{(g)}(t, \xi , \lambda ) = \frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\mu _f^{(g)}(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\end {equation*}


$h_{\alpha }$


$\delta $


$h(x)$


$\int _{\mathbb {R}} h(x) dx=1$


$h_{\alpha }(x):=\frac {1}{\alpha }h(\frac {x}{\alpha })$


$2{\rm nd}$


$\phi (t)$


$f(t)$


\begin {align*}f(x) = \exp {(2\pi i (\frac {\theta _0}{3!} x^3 + \frac {\mu _0}{2!} x^2 + \omega _0 x))},\end {align*}


\begin {equation}\label {eq:taylor_of_phi(t)} \begin {aligned} \phi (x) &= \frac {\theta _0}{3!} x^3 + \frac {\mu _0}{2!} x^2 + \omega _0 x\\ &=\phi (t) + \frac {\phi '(t)}{1!}(x-t)+\frac {\phi ''(t)}{2!}(x-t)^2 +\frac {\phi '''(t)}{3!}(x-t)^3. \end {aligned}\end {equation}


$\partial _t T_f^{(g)} = T_{f'}^{(g)}$


$f'(t) = 2\pi i \phi '(t)f(t)$


\begin {equation}\begin {aligned} f'(x) &= 2\pi i \phi '(x)f(x) \\ &= 2\pi i \left [\phi '(t) + \frac {\phi ''(t)}{1!}(x-t)+\frac {\phi '''(t)}{2!}(x-t)^2\right ]f(x), \end {aligned} \label {Xeqn7}\end {equation}


\begin {equation}\begin {aligned} \partial _t T_f^{(g)} &= i 2\pi \left [\phi '(t) T_f^{(g)} + \frac {\phi ''(t)}{1!} T_f^{(xg)}+\frac {\phi '''(t)}{2!} T_f^{(x^2g)}\right ]\\ &=i 2 \pi \left ([\omega _0+\mu _0 t+\frac {\theta _0}{2 !} t^2] T_f^{(g)}+\left [\mu _0+\theta _0 t\right ] T_f^{(xg)}+ \frac {1}{2}\theta _0 T_f^{\left (x^2 g\right )}\right )\\ \partial _t\left (\frac {\partial _t T_f^{(g)}}{T_f^{(g)}}\right ) &= \partial _t\left (2\pi i[\omega _0+ \mu _0 t+ \frac {\theta _0}{2!}t^2]+ i 2\pi \left [\mu _0+\theta _0 t\right ]\left (\frac {T_f^{(xg)}}{T_f^{(g)}}\right )\right .\\ &\hspace {1.3cm}\left .+\pi i\theta _0 \left (\frac {T_f^{(x^2g)}}{T_f^{(g)}}\right )\right )\\ &= i 2\pi \left [\mu _0 + \theta _0t\right ]+ i 2\pi \theta _0 \frac {T_f^{(xg)}}{T_f^{(g)}}+2\pi i\left [\mu _0+\theta _0 t\right ]\partial _t\left (\frac {T_f^{(xg)}}{T_f^{(g)}}\right )\\ &\quad +\pi i\theta _0 \partial _t\left (\frac {T_f^{(x^2g)}}{T_f^{(g)}}\right ),\\ \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} &= i 2\pi \left [\mu _0 + \theta _0t\right ]+ \frac {i \pi \theta _0}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\left [ 2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]. \end {aligned} \label {Xeqn8}\end {equation}


$\theta _0$


\begin {align*}\theta _0 = \phi '''(t)=\frac {1}{\pi i}\partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right )\left [2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )\right ]^{-1}.\end {align*}


\begin {align*}\mu _0+\theta _0 t= \phi ''(t) =\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\pi i \theta _0\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )}\end {align*}


\begin {align*}\omega _0 + \mu _0 t + \frac {\theta _0}{2} t^2 = \phi '(t)=&\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-(\mu _0+\theta _0 t)\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\\ &\quad -\frac {1}{2}\theta _0\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ).\end {align*}


$\phi (x)$


$\phi (x) = \sum _{n=0}^{\infty } \phi ^{(n)}(t)\frac {(x-t)^n}{n!}$


\begin {align}\partial _t \left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right ) = \sum _{j=0}^{\infty }2\pi i \phi ^{(j+2)}(t)\frac {1}{(j+1)!}\left [(j+1)\frac {T^{(x^jg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^{j+1}g)}_f}{T^{(g)}_f}\right )\right ].\end {align}


$j^{th}$


$T_f^{(g)}$


$g(x)\in \mathcal {S}(\mathbb {R})$


$f\in L^2(\mathbb {R})$


$j^{th}$


\begin {equation*}q^{(g)}_{f,j}(t,\xi ,\lambda )= q^{j}_f(t, \xi , \lambda ):= (j+1)\frac {T^{(x^jg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^{j+1}g)}_f}{T^{(g)}_f}\right ).\end {equation*}


$j = 0,1$


\begin {equation*}\theta _0=\dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )},\end {equation*}


\begin {equation*}\mu _0+\theta _0 t=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f}.\end {equation*}


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$T_f^{(g)}$


$T_f^{(xg)}$


$T_f^{(x^2g)}$


\begin {equation}\theta _f^{(g)}(t, \xi ,\lambda )=\dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )}, \label {Xeqn9}\end {equation}


\begin {equation}\label {eqn:new_mu} \begin {aligned} \tilde {\mu }^{(g)}_f(t, \xi , \lambda ):=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f}, \end {aligned}\end {equation}


\begin {equation}\label {eqn:new_omega} \begin {aligned} \tilde {\omega }^{(g)}_f(t, \xi , \lambda ):&=\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\tilde {\mu }^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\\ &\quad -\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ). \end {aligned}\end {equation}


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$\alpha > 0$


$\alpha $


\begin {align*}&S_{f}^{(g, \alpha )}(t, \xi , \lambda ):= \iint _{\mathbb {R}^{2}} T_{f}^{(g)}(t, \eta , \gamma ) h_{\alpha }(\xi -\tilde {\omega }_{f}^{(g)}(t, \eta , \gamma )) h_{\alpha }(\lambda -\tilde {\mu }_{f}^{(g)}(t, \eta , \gamma )) \mathrm {d} \eta \mathrm {d} \gamma \end {align*}


$\tilde {\mu }_{f}^{(g)}(t, \xi , \lambda )$


$\tilde {\omega }_{f}^{(g)}(t, \xi , \lambda )$


$h_{\alpha }$


$\delta $


$T^{(g)}_f$


\begin {equation*}\theta ^{(g)}_f(t, \xi , \lambda ):= \dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )},\end {equation*}


\begin {equation*}\tilde {\mu }^{(g)}_f(t, \xi , \lambda ):=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f},\end {equation*}


\begin {equation*}\tilde {\omega }^{(g)}_f(t, \xi , \lambda ):=\frac {\partial _t T^{(g)}_f }{2\pi iT^{(g)}_f }-\tilde {\mu }^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )-\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\end {equation*}


$f(x)$


$A(x)e^{2\pi i\phi (x)}$


$\log A(x)=\sum _{j=0}^3 [\log A]^{(j)}(t)\frac {(x-t)^j}{j!}$


$\phi (x)$


\begin {equation*}Re(\theta ^{(g)}_f(t, \xi , \lambda ))=\phi '''(t), Re(\tilde {\mu }^{(g)}_f(t, \xi , \lambda ))=\phi ''(t),\end {equation*}


\begin {equation*}Re(\tilde {\omega }^{(g)}_f(t, \xi , \lambda ))=\phi '(t).\end {equation*}


$\phi ''(t)$


$\theta ^{(g)}_f$


$\epsilon $


$\epsilon $


$\epsilon $


$\epsilon $


$0$


$f: \mathbb {R} \rightarrow \mathbb {C}$


$\epsilon $


$\epsilon $


$f(x) = A(x) e^{i 2 \pi \phi (x)}$


$A$


$\phi $


\begin {equation*}\begin {gathered} \hspace *{-9pc} A \in C^{3}(\mathbb {R}) \cap L^{\infty }(\mathbb {R}), \quad \phi \in C^{4}(\mathbb {R}), \\ \hspace *{-10pc} \inf _{x \in \mathbb {R}} \phi ^{\prime }(x)>0, \quad \sup _{x \in \mathbb {R}} \phi ^{\prime }(x)<\infty , \\ A(x)>0, \quad \left |A^{\prime }(x)\right |,\left |A^{\prime \prime }(x)\right |,\left |A^{\prime \prime \prime }(x)\right |, \left |\phi ^{(4)}(x) \right |\leq \epsilon \left |\phi ^{\prime }(t)\right |, \quad \forall x \in \mathbb {R}. \end {gathered}\end {equation*}


$\epsilon $


$\epsilon $


$f$


$\mathbb {R} \rightarrow \mathbb {C}$


$\mathcal {Y}_{\epsilon , \Delta }$


$\epsilon $


$K$


\begin {equation*}f(x)=\sum _{k=1}^K f_k(x)=\sum _{k=1}^K A_k(x) e^{2 \pi i \phi _k(x)},\end {equation*}


$f_k$


$\epsilon $


$\phi _k$


\begin {equation*}\left |\phi _k^{\prime }(t)-\phi _l^{\prime }(t)\right |+\left |\phi _k^{\prime \prime }(t)-\phi _k^{\prime \prime }(t)\right | \geq 2 \Delta \,.\end {equation*}


$g\in \mathcal {S}(\mathbb {R})$


\begin {equation*}\mathcal {C}(g(x))(\xi , \lambda ):=\int _{\mathbb {R}}g(x)e^{-2\pi i \xi x-\pi i \lambda x^2}dx\end {equation*}


$f \in \mathcal {Y}_{\epsilon , \Delta }$


$g \in \mathcal {S}(\mathbb {R})$


$k = 1,2,\cdots , K$


$n=0,1,2,\cdots ,6$


\begin {equation*}\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi \phi _k'''(t)x^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}}\end {equation*}


$D_n>0$


$\tilde {\epsilon }=\epsilon ^{\frac {1}{10}}$


$\epsilon $


$\tilde {\epsilon }$


$(t, \xi , \lambda ) \in M_k$


\begin {equation*}M_k:=\left \{(t, \xi , \lambda ):\left |\xi -\phi _k^{\prime }(t)\right |+\left |\lambda -\phi _k^{\prime \prime }(t)\right |<\Delta \right \},\end {equation*}


$\left |T_f^{(g)}(t, \xi , \lambda )\right |>\tilde {\epsilon }$


$\left |q^0_f(t, \xi , \lambda )\right |>$


$\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}\left |\omega _f^{(g)}(t, \xi , \lambda )-\phi _k^{\prime }(t)\right | \leq \tilde {\epsilon },\end {equation*}


\begin {equation*}\left |\mu _f^{(g)}(t, \xi , \lambda )-\phi _k^{\prime \prime }(t)\right | \leq \tilde {\epsilon },\end {equation*}


\begin {equation*}|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }.\end {equation*}


$\theta ^{(g)}_f$


$k$


$a = \phi '''_k(t)$


$g(x) = e^{-\pi x^2}$


\begin {equation}\label {eq:condition} \begin {aligned} \left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}} \end {aligned}\end {equation}


$n = 0, 1,\cdots ,6$


$a = 0$


$n = 0,\,1,\, 2$


$n = 3, \cdots , 6$


$g(x)$


$y^{2n+1}e^{-y^2}$


$a\neq 0$


$A_n(x): = x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}$


\begin {equation*}\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda ) = \int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} d x\,.\end {equation*}


$A_n(x)$


$a$


$n$


$|(\xi , \lambda )|$


$(\xi , \lambda ) = (\rho \xi _0, \,\rho \lambda _0)$


$\rho $


$(\xi _0, \lambda _0)\in \mathbb {R}^2$


$\rho \to \infty $


$\rho $


$\delta > 0$


$|\lambda _0|> \delta $


$|\lambda _0|\leq \delta $


$|\lambda _0|> \delta $


$K = 2$


\begin {align*}\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\rho \xi _0,\rho \lambda _0)\lesssim \frac {\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1}{\sqrt {\rho |\lambda _0|}} .\end {align*}


$\rho \to \infty $


\begin {align*}(|\xi |+|\lambda |)\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |^2&\lesssim (\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1)^2\frac {|\xi _0|+|\lambda _0|}{|\lambda _0|}\\ &\lesssim (\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1)^2(1+\delta ^{-1})\\ &<\infty \,.\end {align*}


$|\lambda _0|\leq \delta $


\begin {align*}\int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} \mathrm {~d} x &= \int _{\mathbb {R}} \frac {1}{-2 \pi i \xi } \frac {d}{d x}\left (A_n(x) e^{-\pi i \lambda x^2}\right ) e^{-2 \pi i \xi x} \mathrm {~d} x\,.\end {align*}


\begin {align*}\bigg |\int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} \mathrm {~d} x\bigg | &\lesssim |\xi |^{-1}\left (\left \|A_{n}^{\prime }\right \|_1+\pi \left \|x A_{n}(x)\right \|_1\right ),\end {align*}


\begin {align*}(|\xi |+|\lambda |)\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |^2&\lesssim (|\xi |+|\lambda |)|\xi |^{-2}\left (\left \|A_{n}^{\prime }\right \|_1+\pi \left \|x A_{n}(x)\right \|_1\right )^2\\ &<\infty \,.\end {align*}


$\sup _x\left |A_{n}(x)\right |$


$\left \|A_{n}^{\prime }(x)\right \|_1$


$\left \|x A_{n}(x)\right \|_1$


$\xi $


$\lambda $


$n$


$a$


$T^{(g)}_f$


$g(x)\in \mathcal {S}(\mathbb {R})$


$f\in {L}^2(\mathbb {R})$


\begin {align}\partial _t T_f^{(g)}&=-T_f^{\left (g^{\prime }\right )}+2 \pi i \xi T_f^{(g)}+2 \pi i \lambda T_f^{(xg)}, \label {Xeqn13}\\ \partial _{t t}^2 T_f^{(g)}&=T_f^{\left (g^{\prime \prime }\right )}-4 \pi i \xi T_f^{\left (g^{\prime }\right )}-2 \pi i \lambda T_f^{\left (xg^{\prime }\right )}+(2 \pi i \xi )^2 T_f^{(g)}\notag \\ &\quad +2(2 \pi i \xi )(2 \pi i \lambda ) T_f^{(xg)}-2 \pi i \lambda T_f^{\left (g+xg^{\prime }\right )}+(2 \pi i \lambda )^2 T_f^{\left (x^2 g\right )}, \label {Xeqn14}\end {align}


\begin {equation}\begin {aligned} \partial _{ttt} T_f^{(g)} =~& -T_f^{(g''')}+i6 \pi \xi T_f^{(g'')}+i6 \pi \lambda T_f^{(xg'')}\\ &+ T_f^{(g')} \left [i6 \pi \lambda -12(i\pi \xi )^2\right ] + T_f^{(xg')} \left [-24 (i \pi \xi )(i \pi \lambda )\right ]\\ &+ T_f^{(g)} \left [8(i \pi \xi )^3-12(\pi i \lambda )(i \pi \xi )\right ] + T_f^{(x^2g')} \left [-12(i \pi \lambda )^2\right ]\\ &+ T_f^{(xg)} \left [24(i \pi \xi )^2(\pi i \lambda )-12(i \pi \lambda )^2\right ] + T_f^{(x^2g)} \left [24(i \pi \lambda )^2(i \pi \xi )\right ]\\ & + T_f^{(x^3g)} \left [8(i \pi \lambda )^3\right ], \end {aligned} \label {Xeqn15}\end {equation}


\begin {equation*}T_f^{(g')},\,T_f^{(xg)},\, T_f^{(g'')},\,T_f^{(xg')},\,T_f^{(x^2g)},\,T_f^{(g''')},\,T_f^{(xg'')},\,T_f^{(x^2g')},\,T_f^{(x^3g)}\end {equation*}


\begin {equation*}\,g'(x),\,xg(x),\,g''(x),\,xg'(x),\,x^2g(x),\,g'''(x),\,xg''(x),\,x^2g'(x),\,x^3g(x).\end {equation*}


\begin {equation}\begin {aligned} \partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )= \dfrac {1}{(T^{(g)}_f)^2}\left [\partial _{tt} T^{(g)}_fT^{(g)}_f-\left (\partial _t T^{(g)}_f\right )^2\right ] \end {aligned} \label {Xeqn16}\end {equation}


\begin {equation}\begin {aligned} \partial _{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right ) =~& \dfrac {1}{(T^{(g)}_f)^4}\left [\left (\partial _{ttt}T^{(g)}_f T^{(g)}_f+\partial _{tt}T^{(g)}_f\partial _t T^{(g)}_f-2\partial _tT^{(g)}_f\partial _{tt}T^{(g)}_f\right )(T^{(g)}_f)^2\right .\\ & \left .-2T^{(g)}_f\partial _tT^{(g)}_f\left (\partial _{tt} T^{(g)}_fT^{(g)}_f-\left (\partial _t T^{(g)}_f\right )^2\right )\right ]\, . \end {aligned} \label {Xeqn17}\end {equation}


$q^j_f$


$j=0,1$


\begin {align}q^j_f(t, \xi , \lambda )&=\frac {1}{\left (T^{(g)}_f\right )^2}\left [T^{(x^{j+1}g)}_fT^{(g')}_f-T^{(x^{j+1}g')}_fT^{(g)}_f\right .\notag \\ &\left .\quad +i 2\pi \lambda \left (T^{(x^{j+2}g)}_fT^{(g)}_f-T^{(x^{j+1}g)}_fT^{(xg)}_f\right )\right ], \label {Xeqn18}\\ \partial _t q^j_f(t,\xi , \lambda ) =~& \frac {1}{(T^{(g)}_f)^2}\left [\left (\partial _t T^{(x^{j+1}g)}_fT^{(g')}_f+T^{(x^{j+1}g)}_f\partial _t T^{(g')}_f\right .\right .\notag \\ &\left .\left .-\partial _t T^{(x^{j+1}g')}_fT^{(g)}_f-T^{(x^{j+1}g')}_f\partial _t T^{(g)}_f\right ) \right .\notag \\ &+\left .2\pi i \lambda \left (\partial _t T^{(x^{j+2}g)}_fT^{(g)}_f+T^{(x^{j+2}g)}_f\partial _t T^{(g)}_f\right .\right .\notag \\ &\left .\left .-\partial _t T^{(x^{j+1}g)}_fT^{(xg)}_f-T^{(x^{j+1}g)}_f\partial _t T^{(xg)}_f\right )\right ]\notag \\ &-\frac {2\partial _t T^{(g)}_f}{(T^{(g)}_f)^3}\left [T^{(x^{j+1}g)}_fT^{(g')}_f-T^{(x^{j+1}g')}_fT^{(g)}_f\right .\notag \\ &\left .+2\pi i \lambda \left (T^{(x^{j+2}g)}_fT^{(g)}_f-T^{(x^{j+1}g)}_fT^{(xg)}_f\right )\right ], \label {Xeqn19}\end {align}


$a \in \mathbb {N}$


$b\in \mathbb {N}\cup \{0\}$


\begin {equation}\begin {aligned} \partial _t T^{(x^ag^{(b)})}_f(t,\xi , \lambda ) = -aT^{(x^{a-1}g^{(b)})}_f-T^{(x^ag^{(b+1)})}_f+2\pi i \xi T^{(x^ag^{(b)})}_f+2\pi i \lambda T^{(x^{a+1}g^{(b)})}_f \end {aligned} \label {Xeqn20}\end {equation}


$g_0(t) = e^{-\pi t^2}$


$2$


$3$


$3$


$2$


\begin {equation*}\mathfrak {T}f^{(g)}(t, \xi ):=\int _{-\infty }^{\infty }\left |T_f^{(g)}(t, \xi , \lambda )\right | \mathrm {d} \lambda .\end {equation*}


$t$


$3$


$t$


$2$


$\epsilon $


$\epsilon $


\begin {equation*}x_{2}=\exp \left (i 2 \pi \left (12t + 12\exp (-\frac {1}{2}(t-3)^2)\right )\right ).\end {equation*}


$x_2$


$x_{2}$


$f_{2} = 12- 12(t-3)\exp (-\frac {1}{2}(t-3)^2)$


$|\phi '''(t)|$


$|\phi '''(t)|$


$|\phi '''(t)|$


$0$


$|\phi '''(t)|$


$3{\rm rd}$


$t = 3$


$|\phi '''(t)|$


$x_2$


$3$


$x_2$


$3{\rm rd}$


$2{\rm nd}$


\begin {equation*}\begin {aligned} & x_{11}=\exp \left (i 2 \pi \left (4 t^2\right )\right ) \\ & x_{12}=\exp \left (i 2 \pi \left (-\pi t^2+(24+6 \pi ) t\right )\right ) \\ & x_{1}=x_{11}+x_{12} , \end {aligned}\end {equation*}


$t = 3$


$\xi = 24$


$x_1$


\begin {equation*}\begin {aligned} & x_{31}=\exp \left (i 2 \pi \left (8 (t-2.2)^2\right )\right ), \\ & x_{32}=\exp \left (i 2 \pi \left (-2 \cos \left (\frac {2}{3} \pi (t-2)\right )+13 (t-2)\right )\right ), \\ & x_{3}=x_{31}+x_{32}\,.\vspace *{-6pt} \end {aligned}\end {equation*}


$x_{31}$


$x_{32}$


$f_{31}=16 (t-2.2)$


$f_{32}=\frac {4}{3} \pi \sin \left (\frac {2}{3} \pi (t-2)\right )+13$


$t \approx 3.176$


$\xi \approx 15.67$


$t = 3.176$


$\xi = 15.67$


$x_3$


$t = 3.176$


$\xi = 15.67$


$16$


$-6.83$


$x_{31}$


$x_{32}$


$3{\rm rd}$


$x_3$


$x_3$


$4{\rm th}$


$x_3$


$\theta ^{(g)}_f$


$3{\rm rd}$


\begin {equation*}\begin {aligned} & x_{11}=\exp \left (i 2 \pi \left (4 t^2\right )\right ) \\ & x_{12}=\exp \left (i 2 \pi \left (-\pi t^2+(24+6 \pi ) t\right )\right ) \\ & x_1=x_{11}+x_{12} \end {aligned}\end {equation*}


$x_{11}$


$x_{12}$


$f_{11}=8 t$


$f_{12}=-2 \pi t+(24+6 \pi )$


$\theta ^{(g)}_f(t,\xi ,\lambda )$


$3{\rm rd}$


$t$


$\xi $


$\theta ^{(g)}_f$


$x_1$


$x_4$


\begin {equation*}\begin {aligned} & x_{41}=\exp \left (j 2 \pi \left (\frac {5}{6}t^3-\frac {15}{2}t^2+40t+180\right )\right ), \\ &x_{42} = \exp \left (j 2 \pi \left (-\frac {5}{6}t^3+\frac {15}{2}t^2+\frac {35}{2}t+\frac {5}{6}\right )\right ),\\ &x_{43} = \exp \left (j 2 \pi \left (-\frac {7}{2}t^2+(26+6 \pi ) t-6\pi -\frac {45}{2}\right )\right ), \\ &x_{4} = x_{41}+x_{42}+x_{43}, \end {aligned}\end {equation*}


$x_{41}$


$x_{42}$


$x_{43}$


$f_{41} = \frac {5}{2}t^2-15t+40$


$f_{42}=-\frac {5}{2}t^2+15t+\frac {35}{2}$


$f_{43}=-7t+26+6\pi $


$x_4$


$\mathbf {x}\in \mathbb {C}^n$


$\mathbb {R}^n$


$f_s$


$\mathbf {g}\in \mathbb {C}^{2Q+1}$


$\mathbb {R}^{2Q+1}$


$N\geq 2Q+1$


$\mathbf {T}^{(g)}_x\in \mathbb {C}^{n\times F\times C}$


$F, C$


$\mathbf {t}\in \mathbb {R}^n$


$\mathbf {f}\in \mathbb {R}^F$


$\boldsymbol {\lambda }\in \mathbb {R}^C$


$n\times F\times C$


$\mathbf {T}^{(g)}_x$


$i=1\text {~to~}n$


$k=1\text {~to~}C$


$\mathbf {y}_{a,b}=\mathbf {x}[i-Q:i+Q]\cdot (\mathbf {t}[i-Q:i+Q]-\mathbf {t}_i)^b\cdot \mathbf {g}^{(a)}\cdot \exp \left (-i\pi \boldsymbol {\lambda }_k(\mathbf {t}[i-Q:i+Q]-\mathbf {t}_i)^2\right )$


$\mathbf {Y}^{(x^bg^{(a)})}=dt\cdot \exp (i2\pi \frac {0:(N-1)}{N})\cdot $


$(\mathbf {y}_{a,b}$


$N)\in \mathbb {C}^N$


$\mathbf {Y}^{(x^bg^{(a)})}$


$\triangleright $


$T^{(x^bg^{(a)})}_x(t_i,:,\lambda _k)$


$\boldsymbol {\theta }$


$\boldsymbol {\mu }$


$\boldsymbol {\omega }$


$\boldsymbol {\mu }$


$\boldsymbol {\omega }$


$[1:F]$


$[1:C]$


$j=1\text {~to~}F$


$\mathbf {T}^{(g)}_{x}[i, \var {omegaIdx}[j], \var {muIdx}[j]] += \mathbf {Y}^{(x^bg^{(a)})}[j]$


$x_2$


$(t, \xi , \lambda )$


$k \in \{1, \ldots , K\}$


$\left |\xi -\phi _k^{\prime }(t)\right |+\left |\lambda -\phi _k^{\prime \prime }(t)\right |<\Delta $


$(t, \xi , \lambda ) \in M_k$


$(t, \xi , \lambda ) \notin M_{k}$


\begin {equation*}\left |T_{f_{k}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | \leq \epsilon E_{k, n}(t),\end {equation*}


$E_{k, n}(t):=\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n+1}+\left (D_{n}+\frac {\pi }{12}\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n+4}\right ) A_{k}(t)$


$f_k(x)$


$t$


\begin {align*}f_{k}(x)=& A_{k}(x) e^{2 \pi i \phi _{k}(x)} \\ =&\left (A_{k}(x)-A_{k}(t)\right ) e^{2 \pi i \phi _{k}(x)}\\ &+A_{k}(t) e^{2 \pi i\left [\phi _{k}(t)+\phi _{k}^{\prime }(t)(x-t)+\frac {1}{2} \phi _{k}^{\prime \prime }(t)(x-t)^{2}+\frac {1}{6}\phi _k^{\prime \prime \prime }(t)(x-t)^3\right ]} \\ &+A_{k}(t)\left (e^{2 \pi i \phi _{k}(x)}-e^{2 \pi i\left [\phi _{k}(t)+\phi _{k}^{\prime }(t)(x-t)+\frac {1}{2} \phi _{k}^{\prime \prime }(t)(x-t)^{2}+\frac {1}{6}\phi _k^{\prime \prime \prime }(t)(x-t)^3\right ]}\right )\,.\end {align*}


$f_{k,1}, f_{k,2}, f_{k,3}$


\begin {equation*}I_n = \int _\mathbb {R} |x-t|^n | g(x-t)|dx.\end {equation*}


\begin {align*}\left |T_{f_{k, 1}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | & \leq \int \left |A_{k}(x)-A_{k}(t)\right ||x-t|^{n}|g(x-t)| \mathrm {d} x \\ & \leq \left \|A_{k}^{\prime }\right \|_{L^{\infty }} \int |x-t|^{n+1}|g(x-t)| \mathrm {d} x \\ & \leq \left \|A_{k}^{\prime }\right \|_{L^{\infty }} I_{n+1}\leq \epsilon \left \|\phi _k^\prime \right \|_{L^\infty }I_{n+1}\text {.}\end {align*}


$(t, \xi , \lambda ) \notin M_{k}$


\begin {align*}&\left |T_{f_{k, 2}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right |\\ &=\left |\int _{\mathbb {R}}A_{k}(t)e^{2\pi i \phi _k(t)}(x-t)^n g(x-t)\right .\\ & \quad \times e^{-2\pi i (\xi -\phi _k'(t)) (x-t)-\pi i(\lambda -\phi _k''(t)) (x-t)^2+\frac {1}{3}\pi i\phi _k'''(t) (x-t)^3}dx\bigg | \\ &=A_{k}(t)\left |\mathcal {C}\left (x^{{n}} g(x) e^{\frac {1}{3}\pi i \phi '''(t)x^3}\right )\left (\xi -\phi _{k}^{\prime }(t), \lambda -\phi _{k}^{\prime \prime }(t)\right )\right | \\ & \leq A_{k}(t) D_{n} \epsilon \,\text {,}\end {align*}


\begin {equation*}\left |\mathcal {C}\left (x^{{n}} g(x) e^{\frac {1}{3}\pi i \phi _k'''(t)x^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}}\end {equation*}


$\mathcal {C}(f(x))(\xi , \lambda ):=\int _{\mathbb {R}}f(x)e^{-2\pi i \xi x-\pi i \lambda x^2}dx$


\begin {align*}&\left |T_{f_{k, 3}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right |\\ & \leq A_{k}(t) \int 2\pi \left |\phi _{k}(x)-\sum _{p=0}^3\frac {1}{p!}\phi _{k}^{(p)}(t)(x-t)^p\right ||x-t|^{n}|g(x-t)| \mathrm {d} x \\ & \leq A_{k}(t) \int \frac {2\pi }{4!}\left \|\phi _{k}^{(4)}\right \|_{L^{\infty }}|x-t|^{n+4}|g(x-t)| \mathrm {d} x \\ & \leq \frac {\pi }{12} A_{k}(t)\left \|\phi _{k}^{(4)}\right \|_{L^{\infty }} I_{n+4} \leq \frac {\epsilon \pi }{12}A_k(t)\left \|\phi _k^\prime \right \|_{L^\infty }I_{n+4}\,\text {.}\end {align*}


\begin {equation*}\left |T_{f}^{\left (x^{n} g\right )}(t, \xi , \lambda )-T_{f_{k}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | \leq \epsilon \sum _{l\neq k} E_{l, n}(t)\text {.}\end {equation*}


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k \text { where } 1 \leq k \leq K, \text { then }$


\begin {equation*}\left |\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\right | \leq \epsilon B_{k, 1}(t)\end {equation*}


\begin {align*}B_{k,1}(t) &= \left (\sum _{k=1}^{N}\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{0}+\frac {\pi }{3}\left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{3}\right .\\ &\quad +2 \pi \sum _{l \neq k}\left (\phi _{l}^{\prime }(t) E_{l, 0}(t)+\left |\phi _{l}^{\prime \prime }(t)\right | E_{l, 1}(t)+\frac {1}{2}|\phi '''_l(t)|E_{l,2}(t)\right ) \\ &\quad \left .+2 \pi \left (\phi _{k}^{\prime }(t) \sum _{l \neq k} E_{l, 0}(t)+\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} E_{l, 1}(t)+\frac {|\phi '''_k(t)|}{2}\sum _{l\neq k}E_{l,2}(t)\right )\right )\,.\end {align*}


$4{\rm th}$


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k\text { where } 1 \leq k \leq K, \text { then }$


\begin {align*}&\left |\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}\right .\\ &\quad +\left .\left .\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\right )\right | \leq \epsilon B_{k, 2}(t)\end {align*}


\begin {align*}B_{k, 2}(t) &= \Omega +2 \pi \sum _{l \neq k}\bigg (\left |\phi _{l}^{\prime \prime }(t)\right | E_{l, 0}(t)+\left |\phi _{l}^{\prime \prime \prime }(t)\right | E_{l, 1}(t)+\phi _{l}^{\prime }(t) F_{l, 0}(t)\\ &\quad +\left .\left |\phi _{l}^{\prime \prime }(t)\right | F_{l, 1}(t)+\frac {1}{2}\left |\phi '''_l(t)\right |F_{l,2}(t)\right )\\ &\quad +2 \pi \left (\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} E_{l, 0}(t)+\left |\phi _{k}^{\prime \prime \prime }(t)\right | \sum _{l \neq k} E_{l, 1}(t)+\phi _{k}^{\prime }(t) \sum _{l \neq k} F_{l, 0}(t)\right .\\ &\quad +\left .\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} F_{l, 1}(t)+\frac {1}{2}\left |\phi _{k}^{\prime \prime \prime }(t)\right | \sum _{l \neq k} F_{l, 2}(t)\right )\end {align*}


\begin {align*}\Omega &= \sum _{k=1}^{N} \left (\left \|\phi '_{k}\right \|_{L^{\infty }} +2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\right )I_{0}+\pi \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{2}\\ &\quad +\frac {\pi }{3} \left (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\right ) \left \|\phi '_k\right \|_{L^{\infty }} I_{3}\,\text {.}\end {align*}


$n = 1, 2, 3$


\begin {align*}F_{k,n} &= \left (\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n}+\frac {\pi }{3}\left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+3}\right )\\ &\quad +2\pi \left (\phi '_k(t)E_{k,n}+|\phi ''_k(t)|E_{k,n+1}+\frac {1}{2}|\phi '''_k(t)|E_{k,n+2}\right )\,.\end {align*}


\begin {equation*}\left |\partial _{t} T_{f}^{(x^2~g)}-\partial _{t} T_{f_{k}}^{(x^2~g)}\right | \leq \epsilon \sum _{l \neq k} F_{l, 2}(t)\,.\end {equation*}


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k, 1 \leq k \leq K, \text { then }$


\begin {align*}&\left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \left (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f\right .\right .\\ &\left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_f+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\right )\right |<\epsilon B_{k,3}\end {align*}


\begin {align*}B_{k,3} &= \sum _{k=1}^N\bigg ( \left (\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }}\right )I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1 \\ &\quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+ \frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg )\\ &\quad +2\pi \sum _{l\neq k}^N\bigg (\left |\phi '''_l(t)\right |E_{l,0}(t)+2\left |\phi ''_l(t)\right |F_{l,0}(t)+2\left |\phi '''_l(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_l(t)\right |G_{l,0}(t)+\left |\phi ''_l(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_l(t)\right |G_{l,2}(t)\bigg )\\ &\quad +2\pi \sum _{l\neq k}^N\bigg (\left |\phi '''_k(t)\right |E_{l,0}(t)+2\left |\phi ''_k(t)\right |F_{l,0}(t)+2\left |\phi '''_k(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_k(t)\right |G_{l,0}(t)+\left |\phi ''_k(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_k(t)\right |G_{l,2}(t)\bigg )\end {align*}


\begin {align*}\Phi _k =~& \left \|A''_k\right \|_{L^{\infty }}+2\pi \bigg (\left \|A'_k\right \|_{L^{\infty }}\left \|\phi '_k\right \|_{L^{\infty }}+\left \|\phi ''_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}+\left \|\phi '_k\right \|_{L^{\infty }}\left \|A'_k\right \|_{L^{\infty }}\\ &+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\bigg )\end {align*}


\begin {align*}G_{k,n}(t) =~& 2 \pi \bigg (\left |\phi _{k}^{\prime \prime }(t)\right | E_{k, n}(t)+\left |\phi '''_k(t)\right |E_{k, n+1}(t)+\left |\phi _{k}^{\prime }(t)\right | F_{k, n}(t)\\ &+\left |\phi _{k}^{\prime \prime }(t)\right | F_{k, n+1}(t)+\frac {\left |\phi '''_k(t)\right |}{2} F_{k, n+2}(t)\bigg )\\ &+\bigg (\left \|\phi '_{k}\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\bigg )I_{n}+\pi \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &+\frac {\pi }{3} \bigg (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\bigg ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\,.\end {align*}


$f_k(x)= A_k(x)e^{2\pi i \phi _k (x)}$


\begin {align*}f'''_k(x)=& A'''_k(x)e^{2\pi i \phi _k (x)}+A''_k(x)2\pi i\phi '_k(x)e^{2\pi i \phi _k (x)} +2\pi i \phi '''_k(x)f_k(x)\\ &+4\pi i\phi ''_k(x)f'_k(x)+2\pi i\phi _k(x)f''_k(x).\end {align*}


$f_{k,1}, f_{k,2}, \cdots ,f_{k,5}$


\begin {equation*}f(x)=\sum _{k=1}^N f_k(x),\ f'''(x)=\sum _{k=1}^N f_{k,1}(x)+f_{k,2}(x)+\cdots +f_{k,5}(x).\end {equation*}


\begin {equation*}\mathcal {K}(x-t):=e^{-2 \pi i \xi (x-t)-\pi i \lambda (x-t)^{2}},\end {equation*}


\begin {align*}\left |T^{(g)}_{f_{k,1}}\right |=\left |\int A'''_k(x)e^{2\pi i \phi _k (x)}g(x-t)\mathcal {K}(x-t) dx\right |\leq \left \|A'''_k\right \|_{L^{\infty }}I_0\leq \epsilon \left \|\phi '_k\right \|_{L^{\infty }}I_0\end {align*}


\begin {align*}\left |T^{(g)}_{f_{k,2}}\right |&=\left |\int A''_k(x)2\pi i \phi '_k(x)e^{2\pi i \phi _k(x)}g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A''_k\right \|_{L^{\infty }} I_0\\ &\leq 2\pi \epsilon \left \|\phi '_k\right \|^2_{L^{\infty }} I_0,\end {align*}


\begin {align*}\left |T^{(g)}_{f_{k,3}}-2\pi i\phi '''_k(t)T^{(g)}_{f_k}\right |&=2\pi \left |\int \left (\phi '''_k(x)-\phi '''_k(t)\right )f_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\leq 2\pi \epsilon \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1,\end {align*}


\begin {align*}&\left |T^{(g)}_{f_{k,4}}-4\pi i\left (\phi ''_k(t) \partial _t T^{(g)}_{f_k}+\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right )\right |\\ &=4\pi \left |\int \left (\phi ''_k(x)-\phi ''_k(t)-\phi '''(t)(x-t)\right )f'_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq \left |\int \left (\frac {1}{2}\phi ^{(4)}_k(\tau )(x-t)^2\right )f'_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2\\ &\leq 2\pi \epsilon \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2,\end {align*}


\begin {align*}&\left |T^{(g)}_{f_{k,5}}-2\pi i \left (\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k}+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &=2\pi \left |\int \left ( \frac {1}{3!}\phi ^{(4)}_k(\tau )(x-t)^3\right )f''_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq \frac {\pi }{3}\left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left \|f''_k\right \|_{L^{\infty }}I_3\leq \frac {\pi \epsilon }{3}\left \|\phi '_k\right \|_{L^{\infty }}\left \|f''_k\right \|_{L^{\infty }}I_3\end {align*}


\begin {align*}&\left \|f''_{k}\right \|_{L^{\infty }}\leq \left \|A''_k\right \|_{L^{\infty }}+2\pi \bigg (\left \|A'_k\right \|_{L^{\infty }}\left \|\phi '_k\right \|_{L^{\infty }}+\left \|\phi ''_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\\ &\quad +\left \|\phi '_k\right \|_{L^{\infty }}\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\bigg )=\Phi _k\end {align*}


\begin {align*}&\left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \quad \quad \left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k}+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\bigg )\right |\\ &\leq \epsilon \sum _{k=1}^N \bigg ((\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }})I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\\ &\quad \quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+ \frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg )\,.\end {align*}


\begin {align*}&\bigg |\partial _{t t}^{2} T_{f_k}^{(x^ng)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f_k}^{(x^ng)}+\phi '''_k(t)T^{(x^{n+1}g)}_{f_k}+\phi _{k}^{\prime }(t) \partial _{t} T_{f_k}^{(x^ng)}\\ &\quad \quad \quad +\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f_k}^{(x^{n+1} g)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^{n+2}g)}_{f_k}\bigg ) \bigg |\\ &\leq \epsilon \left (\left \|\phi '_{k}\right \|_{L^{\infty }} +2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\right )I_{n}+\pi \epsilon \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &\quad \quad \quad +\frac {\pi \epsilon }{3} \bigg (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\bigg ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\, \text {.}\end {align*}


$n=0,1,2,3\ldots $


\begin {align*}&\left |\partial _{t t}^{2} T_{f_k}^{(x^ng)} \right |\\ &\leq 2 \pi \epsilon \bigg (\left |\phi _{k}^{\prime \prime }(t)\right | E_{k, n}(t)+\left |\phi '''_k(t)\right |E_{k, n+1}(t)+\left |\phi _{k}^{\prime }(t)\right | F_{k, n}(t)\\ &\quad +\left |\phi _{k}^{\prime \prime }(t)\right | F_{k, n+1}(t)+\frac {\left |\phi '''_k(t)\right |}{2} F_{k, n+2}(t)\bigg )\\ &\quad +\epsilon \bigg (\left \|\phi '_{k}\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\bigg )I_{n}+\pi \epsilon \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &\quad +\frac {\pi \epsilon }{3} \left (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\right ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\\ &= \epsilon G_{k,n}(t)\,.\end {align*}


$n=0,1,2,3\ldots $


\begin {align*}\left |\partial _{tt}^2 T_{f}^{(x^ng)}-\partial _{tt}^2 T_{f_{k}}^{(x^ng)}\right | \leq \epsilon \sum _{l \neq k} G_{l, n}(t).\end {align*}


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad \bigg |\partial ^3_{ttt}T^{(g)}_f-2\pi i \bigg (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f+\phi '_k(t)\partial ^2_{tt}T^{(g)}_f\\ &\quad +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\bigg )\bigg |\\ &\leq \left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k} +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &\quad +\left |2\pi i\sum _{l\neq k}^N\bigg (\phi '''_l(t)T^{(g)}_{f_l}+2\phi ''_l(t)\partial _t T^{(g)}_{f_l}+2\phi '''_l(t)\partial _t T^{(xg)}_{f_l}+\phi '_l(t)\partial ^2_{tt}T^{(g)}_{f_l}\right .\\ &\quad +\phi ''_l(t)\partial ^2_{tt}T^{(xg)}_{f_l} \left .\left .+\frac {1}{2}\phi '''_l(t)\partial ^2_{tt}T^{(x^2g)}_{f_l}\right )\right |\\ &\quad +\bigg |2\pi i \left (\phi '''_k(t)\left (T^{(g)}_f-T^{(g)}_{f_k}\right )+2\phi ''_k(t)\left (\partial _t T^{(g)}_f-\partial _t T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+2\phi '''_k(t)\left (\partial _t T^{(xg)}_f-\partial _t T^{(xg)}_{f_k}\right )+\phi '_k(t)\left (\partial ^2_{tt}T^{(g)}_f-\partial ^2_{tt}T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+\phi ''_k(t)\left (\partial ^2_{tt}T^{(xg)}_f-\partial ^2_{tt}T^{(xg)}_{f_k}\right )+\frac {1}{2}\phi '''_k(t)\left (\partial ^2_{tt}T^{(x^2g)}_f-\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\bigg )\right | \\ & := J_1+J_2+J_3\end {align*}


\begin {align*}J_1&= \left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k} +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &\leq \epsilon \sum _{k=1}^N\bigg ( \left (\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }}\right )I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\\ &\quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+\frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg ),\\ J_2& = \left |2\pi i\sum _{l\neq k}^N\bigg (\phi '''_l(t)T^{(g)}_{f_l}+2\phi ''_l(t)\partial _t T^{(g)}_{f_l}+2\phi '''_l(t)\partial _t T^{(xg)}_{f_l}+\phi '_l(t)\partial ^2_{tt}T^{(g)}_{f_l}\right .\\ &\quad +\phi ''_l(t)\partial ^2_{tt}T^{(xg)}_{f_l} \left .\left .+\frac {1}{2}\phi '''_l(t)\partial ^2_{tt}T^{(x^2g)}_{f_l}\right )\right |\\ &\leq 2\pi \epsilon \sum _{l\neq k}^N\bigg (\left |\phi '''_l(t)\right |E_{l,0}(t)+2\left |\phi ''_l(t)\right |F_{l,0}(t)+2\left |\phi '''_l(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_l(t)\right |G_{l,0}(t)+\left |\phi ''_l(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_l(t)\right |G_{l,2}(t)\bigg ),\end {align*}


\begin {align*}J_3& = \bigg |2\pi i \left (\phi '''_k(t)\left (T^{(g)}_f-T^{(g)}_{f_k}\right )+2\phi ''_k(t)\left (\partial _t T^{(g)}_f-\partial _t T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+2\phi '''_k(t)\left (\partial _t T^{(xg)}_f-\partial _t T^{(xg)}_{f_k}\right )+\phi '_k(t)\left (\partial ^2_{tt}T^{(g)}_f-\partial ^2_{tt}T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+\phi ''_k(t)\left (\partial ^2_{tt}T^{(xg)}_f-\partial ^2_{tt}T^{(xg)}_{f_k}\right )+\frac {1}{2}\phi '''_k(t)\left (\partial ^2_{tt}T^{(x^2g)}_f-\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\bigg )\right | \\ &\leq 2\pi \epsilon \sum _{l\neq k}^N\bigg (\left |\phi '''_k(t)\right |E_{l,0}(t)+2\left |\phi ''_k(t)\right |F_{l,0}(t)+2\left |\phi '''_k(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_k(t)\right |G_{l,0}(t)+\left |\phi ''_k(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_k(t)\right |G_{l,2}(t)\bigg )\,.\end {align*}


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


\begin {equation*}Q = 2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )=2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\end {equation*}


\begin {equation*}N = \partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right ),\end {equation*}


\begin {align*}&|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)|\\ &=\left |\phi _k^{\prime \prime \prime }(t) - \frac {1}{\pi i}\partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right )\left [2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )\right ]^{-1} \right |\\ &=\dfrac {1}{\pi |Q|}\left |N - \pi i Q \phi '''_k(t)\right |.\end {align*}


$q^0_f = 1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )$


\begin {equation*}(T^{(g)}_f)^2q^0_f = \left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )\end {equation*}


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad \pi |Q|\bigg |\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)\bigg |\\ =& \bigg | \frac {1}{T^{(g)}_f q^0_f} \bigg [\partial ^3_{ttt}T^{(g)}_f-2\pi i \bigg (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f\\ &\quad +\phi '_k(t)\partial ^2_{tt}T^{(g)}_f+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\bigg )\bigg ]\\ &\quad +\frac {1}{(T^{(g)}_f)^3(q^0_f)^2}\bigg [\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}\\ &\quad +\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]\\ &\quad \times \bigg (T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f-T^{(g)}_f\bigg (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\bigg )\\ &\quad -\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]\partial _t T^{(xg)}_f\bigg )\\ &\quad -\frac {1}{(T^{(g)}_f)^3(q^0_f)^2}\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]\\ &\quad \times \bigg (\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _t T^{(xg)}_f\right ) -\partial _t T^{(g)}_f\partial ^2_{tt}T^{(xg)}_f-2(\partial _t T^{(g)}_f)^2\\ &\quad -\bigg [\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}\\ &\quad +\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]\left (T^{(g)}_f+\partial _t T^{(xg)}_f\right )\bigg )\bigg |\,.\end {align*}


\begin {align*}&\quad \pi |Q|\bigg |\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)\bigg |\\ &\leq \frac {\epsilon B_{k,3}}{|T^{(g)}_f q^0_f|}\\ &\quad +\frac {\epsilon B_{k,2}\left (\left |T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f\right |+\epsilon B_{k,1}\left |\partial _t T^{(xg)}_f\right |+\left |T^{(g)}_f\left (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\right )\right |\right )}{|T^{(g)}_f|^3(q^0_f)^2}\\ &\quad +\frac {\epsilon B_{k,1}\bigg (\left |\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |+\left |\partial _tT^{(g)}_f\partial ^2_{tt}T^{(xg)}_f\right |+2(\partial _tT^{(g)}_f)^2}{|T^{(g)}_f|^3(q^0_f)^2}\\ &\quad \frac {+\epsilon B_{k,2}\left |\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |\bigg )}{|T^{(g)}_f|^3(q^0_f)^2}\,.\end {align*}


$B_{k, n}(t),\left |\partial ^2_{tt} T_f^{(x^ng)}\right |, \left |\partial _t T_f^{(x^ng)}\right |$


$\left |T_f^{(x^ng)}\right |$


$\left |q^0_f\right |$


$\epsilon $


$k \in \{1, \ldots , K\}$


$(t, \xi , \lambda ) \in M_k$


\begin {equation*}\left [\begin {aligned} &\quad (T^{(g)})^2|q^0_f|B_{k,3}\\ &+B_{k,2}\left (\left |T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f\right |+\epsilon B_{k,1}\left |\partial _t T^{(xg)}_f\right |+\left |T^{(g)}_f\left (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\right )\right |\right )\\ &+B_{k,1}\bigg (\left |\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |+\left |\partial _tT^{(g)}_f\partial ^2_{tt}T^{(xg)}_f\right |+2(\partial _tT^{(g)}_f)^2\\ &\hspace {1cm}+\epsilon B_{k,2}\left |\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |\bigg ) \end {aligned}\right ]^{-1} \geq \tilde {\epsilon }^{3},\end {equation*}


$|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }$


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\mu _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime }(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\left |\mu ^{(g)}_f(t, \xi , \lambda )-\phi ''_k(t)\right |\\ &=\left |\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\pi i \theta ^{(g)}_f(t, \xi , \lambda )\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )}-\phi ''_k(t)\right | \\ &=\left |\frac {T^{(g)}_f\bigg [\partial ^2_{tt}T^{(g)}_f-2\pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right .\\ &\quad +\frac {\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\\ &\quad \left .-\frac {\partial _t T^{(g)}_f\left [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\right ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right .\\ &\quad +\left .\frac {\pi i \left (\phi '''_k(t)-\theta ^{(g)}_f\right )\left (T^{(g)}_f\right )^2\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right |\\ &\leq \frac {\epsilon }{2\pi |T^{(g)}_fq^0_f|}B_{k,2}+\frac {\epsilon }{2\pi (T^{(g)}_f)^2|q^0_f|}B_{k,1}\left |\partial _t T^{(g)}_f\right | +\frac {\epsilon }{2 |q^0_f|}\left |q^1_f\right |,\end {align*}


$\left |q^1_f\right |$


$|\mu _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime }(t)| \leq \tilde {\epsilon }$


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\omega _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime }(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad |\omega ^{(g)}_f(t, \xi , \lambda )-\phi ^\prime _k(t)|\\ &=\left |\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\mu ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )-\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ) - \phi ^\prime _k(t)\right |\\ &=\left |\frac {\partial _t T_f^{(g)} - 2\pi i\mu ^{(g)}_f(t, \xi , \lambda )T_f^{(xg)} - \pi i\theta ^{(g)}_f(t, \xi , \lambda )T_f^{(x^2g)} - 2\pi i\phi ^\prime _k(t)T_f^{(g)}}{2\pi i T_f^{(g)}}\right |\\ &=\bigg |\frac {\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]}{2\pi i T_f^{(g)}}\\ &\quad +\frac {(\phi ^{\prime \prime }_k(t)- \mu _f^{(g)}(t,\xi ,\lambda ))T_f^{(xg)}}{T_f^{(g)}} +\frac {(\phi ^{\prime \prime \prime }_k(t)- \theta _f^{(g)}(t,\xi ,\lambda ))T_f^{(x^2g)}}{2T_f^{(g)}}\bigg |\\ &\leq \frac {\epsilon }{2\pi |T_f^{(g)}|}B_{k,1}+\frac {\epsilon }{|T_f^{(g)}|}\left |T_{f}^{(xg)}\right |+\frac {\epsilon }{2|T_f^{(g)}|}\left |T_f^{(x^2g)}\right |\,.\end {align*}


$|\omega _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime }(t)| \leq \tilde {\epsilon }$


$\epsilon $
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where A, (?) is the non-negative function which is known as the amplitude function and ¢, () is the phase function with q&f{(t) >0,
then STFT requires that, for any k # j, one should have |¢§((t) - ¢;(t)| > A for some constant A depending on the resolution [6] and
for all . This condition is understandable from the spectrogram graph since A stands for the gap between the bright bands [5,7]. The
FSST [8] or its higher order version (VSST, FSSTn) [9,10] can improve the resolution of the time-frequency representation. However,
they still require the separation condition to make the approximate reconstruction formula feasible [11]. In most conditions, the
signal does not satisfy the separation condition and its time-frequency (TF) analysis will be very challenging. Due to the overlapping
instantaneous frequency (IF) problem, we consider the 3 dimensional time-frequency-chirp (TFC) representation when the modes
have different chirp rates at the crossing points of the IF. With this technique, two crossing IFs in the TFC space are curved vertically
and no longer overlap in the space [12-14]. For other related and interesting methodologies and results, one can look at the paper
[15-18], and the references contained therein.

In this paper, we try to extend the method in [19] to signals containing strong chirp modulation. The synchrosqueezed chirplet
transform (SCT) proposed by Chen and Wu weakens the constraint of signal decomposition. In [19], the target signal should satisfy
AGEXAGIES )d;;(’ (t)— @]/ ()| = 2A for all k # I and each term £, (1) = A, (1)e*" <) is an e-intrinsic chirp type (e-ICT) function, i.e.,
it is “similar” to a chirp function for all k. In other words, they assume that qﬁ;(/’ (t) are negligible, but, in many cases, the signals
contain higher-order chirp modulation, which makes the reassignment ingredients used in [19] biased. This work proposes to give
the third-order estimation of the phase function to adjust the estimator we use in the synchrosqueezing transform and improve the
performance of the existing SCT with the new ingredients.

The outline of the paper is as follows: in Section 2, we recall some definitions and notations commonly used in TF analysis. We
then present our proposed method and some properties in Section 3. In Section 4, we provide some numerical analysis of the synthetic
data with our new method and compare the results with the SCT.

2. Preliminary: Background of the SST and the SCT

In the beginning, we intuitively define the AM-FM multi-component signal (MCS) as the superposition of the AM-FM signal as
follows, which will be intensively studied later,

K K
f@o= Z fi® = Z A (D29 o

k=1 k=1
where K € N is a known number from background knowledge. Each f,(r) is called a mode. Such a signal is completely described by
the ideal TF representation.

Definition 1 (Ideal Time-Frequency (TF) Representation). Fixed an AM-FM multi-component signal f(¢) = Zf=l i@ =
Z,’;l A (t)e? 91 | the ideal TF representation of f(r) is given by

K
Tl (t.w) = z A (8@ = ¢l (1) 3

k=1
where § denotes the Dirac distribution.

Definition 2 (Short time Fourier transform (STFT)). Given a signal f € L?>(R) and a window function g € S(R), where the S(R) is
the Schwartz function on R, the modified STFT of f is defined by

viPo = / FEg"(x = e g @
R

where g* is the complex conjugate of g and IVf(g)(t, &)|? is the spectrogram.

The key idea of synchrosqueezing is to sharpen the blurred TF distribution by using some instantaneous frequency estimator to
reassign the value at time 7 and frequency ¢ vertically. The STFT-Based SST (FSST) [11] is defined by

1

T8 (tw) = ——
! g*O) Jig:v@aor>r)

V(1,85 — o, (1, £)dé 5)

1 B,V}g)(y,/;)
2ri Vf(g)(t’é)
is used to estimate the first derivative of phase function.

where &,(1,&) = and &(t,&) 1= Re((I; (t é)). @/ (t,¢) is often called the first order modulation-based ridge detector which

Definition 3 (The second-order synchrosqueezing transform (VSST)). Set f € L*(R), define
(&)
[ Vfg %)

e =t——L .
4 i27rV;g) (t,&)
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@
a, V/,‘g (3

When V;.g)(t, £)#0and a,( ) + i27 ,we also define

)
Vo)

o 2w
_oap0d T\ Ve

T o8 0, VO s)
2z — o, =L

(@)
Vie)

i (1.8

The second-order synchrosqueezing transform (VSST) [9] is further defined by

T (1, w) = V06w - 0P, £)dé

1
g0 JigwPaoir)

where

o2, &) = @f(f,§)+tif(t,§)(t—ff(hé‘)) if 9,7,(t,£) #0
r @(t,8) otherwise

and &7(1.¢) = Re(aﬁ(fz)(t, 5)).

It was shown in [9] that Re{g, ;(.n)} = ¢ (1) when f (1) = A(t)e”?**") where both log(A(7)) and ¢(r) are quadratic. Also, Re{ cbizf)(t, :1)} is
an exact estimation of ¢/ (¢) for this kind of signals. With the thinking of the Taylor expansion, one can always pursue the higher-order
estimation, but the 2-dimensional version is not enough for the overlapping instantaneous frequencies.

Here, we start to add the information in the chirp axis. We introduce a technique to extract more information, not only in the TF
plane but also in the time-frequency-chirp (TFC) space. Like the 2-dimensional case, the ideal TFC representation in the 3-dimensional
space can also completely describe a signal. Fixed an AM-FM multi-component signal f(¢) = Z,il fi(@) = Zsz | A (H)e*™ 90 the ideal
TFC representation in the TFC space of f(¢) is given by

K
TLA(1E A) = ) Ag(D)8(E — ¢ ()04 — ¢ (1)

k=1

where 6 denotes the Dirac distribution.

Definition 4 (Chirplet transforms (CT) [12,13]). The chirplet transform of f € L?(R) given a window function g € S(R) at (¢, &, 4) is
defined as

T/(.g)(t, &)= / FoOg (x — t)e—iZnE(x—t)—in/l(x—t)Zdx
R

where t € R is time, £ € R means frequency, and 1 € R indicates the chirp rate. Since g is Schwartz, T}g)(t, &, A) is well defined at each
(t,&, ), and it is a complex function on the TFC domain.

1

VlIdo=4l

close to &, + Agt. Since the regularity is poor and decays slowly with 4, it is reasonable to apply the synchrosqueezing transform to
make the energy of T}g)(t, &, A) more concentrated [20].

We adopted Lemma 1 in [19] which sets f(x) = e/>7é0+ iniox* In this case, the regularity of T;g)(t, &, A) is about as & is sufficient

Definition 5 (Synchrosqueezed Chirplet Transform (SCT) [19]). Take f € L?*(R) as the input and g € S(R) as the window. For a
small a > 0, define the synchrosqueezed chirplet transform (SCT) with resolution « as

SN (18,0 1= // T 1, 1)ho(€ = 061 y)ho (A = 1€ (1,1, y))dndy
R2

where M(fg)(t, £, A) and w(fg)(t, £, ) are defined as

) <a,rf(.g))
t ©
Tffg
78 ’
2zif 1+0,( L&
Ll

(®) —
W n) =

(8) (xg)
0,T T
(2) L |7 r ®) f
LEN)=— - [N)
wp &N =50 ) Hy (6D T®
! !

and A, is an “approximate §-function” (i.e. A(x) is smooth, /,R h(x)dx =1 and h,(x) := éh(;—‘)).

3
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3. Proposed method

Note that the SCT in Definition 5 can estimate the 2nd order derivative of the phase function. Now, we try to perform higher-order
estimation. We intend to find the estimation of the first three derivatives of the phase function ¢(). Assume that the signal f(¢) is of
the polynomial phase function form, i.e.,

M02

fx)=exp(2 i(@x3+ + wyx)),
BT TRY 0
where
/4() 2
d(x) = —x +§x + wyx
(6)

—¢(t)+¢(t)(x—t)+¢ <r)( e ? |(z>

(x —1)°.
It is worth to notice that 9, T(g) T(g) and f/(t) = 2zi¢/ (1) f (). Therefore, from (6), we have

f'x) = 27i’ () f(x)

9" () ¢’”(> ™
—2m[¢(r>+ (=0 + —=—=(x -0 /()
which lead to
" "
@© _; rap@ . PO e, PO e
T} _12n[¢ 0T + 0 T + 5 Ty
_ 217 4 g, 1, (x%)
=ilr [a)0+/401+ 1T + [u 0+601]Tf + 5607,
Ty T/
J, o |= = 0| 2zi[wy + pyt + —t2] +i27 [/40 + Bot] ( 5
T'® T
! !
%g)
Ty
+7ify)| ——
T(g)
!
T8 T8 (€))]
=iz [/40 + BOI] +i276, LA 27ri[/40 + 6‘0t] 0, L
) T®
! !
T}ng)
+ 7ifyo,| —— |
T(g)
!
5 o1 ,
i\ —o (xg) (x%g)
T}x) iﬂ'GO fog T xX°g

=i2n [/40 + 90t] +

s
= 2 )
T(Xg) T}Xg) T® +a T
149, 1+o| 5 4 4
f !

Take the derivative one more time and move the extra item to the same side, we can get 6, as follows:
-1
® ) )
) d’i 2T/_ +0 R
4 T}g) T}g) t T}g)
240, .
Lho (Tm,) > Lho <Tm,> )
+ +
(8) (8)
Ty Ty
) < o1 ) Y ZT(xg) ; T;ng)
) w0 27w T o\ @
T Ty Ty
T(*M
2zi| 1+ 0, (g)
Ty

6o = ¢ (1) = L0,
Tl

The rest terms are

Ho+ 0t =" (1) =

and
0oy o T/
@+ pot + = 47()—% Py (H0+901)T—
A A
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(x%g)
I R
P )

Tf
To simplify the symbols, we observe that ¢(x) is merely an analytic function and can be expressed as ¢(x) = Z:io qb(")(t)(";—,’)”. There-
fore, after some calculation, '

9, T(g) ® T 769
(+2) i f f
9, (g) szqa (z)(] i AR el Rl | 9)
Ty Ty Ty

Definition 6 (The j** g-operator). Given a representation T;g) with the window function g(x) € S(R) and the target signal f € L*(R),
define the j"* q-operator by

768 T(x/“g)
4O E N =g (682 =G+ D—L—+0|-L
i f 7® ! 7(®
G

—0
i ! q(;
Oy = ————~—
s
2+ 6, —0
£
(€3] ()
T; o,T
0 1 VA S B A
(267 +0q) )a, T | 7% e |4
1 f f
+ 6yt = —
Ho 0 2ri

2
2(a}) +04ja) - 0,4

2
Take f € L*(R) and g € S(R) as the window. For a representation Tj(,g), Tj(fg) and Tj(f 8 define

af
091,86, 7) = —————=. (10)

q

240, 2
af
oG em) fer
(qu 9y )a, T |7 % e |

~(g)(t &A= L f f a1
Hplle,4) o= i 5

2
2(d)) +0ia}al — a0

(8) (xg)
2] T
~(g) R A )
LR = 2 7@ Hy (USSR ey (g)
f f
(x &) (12)
(€3]
9 X =r L
f

Definition 7 (Proposed Higher-Order SCT). Take f € L?*(R) as the input function and take g € S(R) as the window. For a small
a > 0, define the higher order SCT with resolution « by

SE(t,e, 4 = // Tt 1, 7)ho(& = &' @0, YDA, (G — i (1, y))dndy
R2

where ﬂ(fg)(t, & A), a”)(fg)(t, &, 4) are define as in (11) and (12), respectively. Similarly, 4, is an “approximate §-function”.

5
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Proposition 1 (Reassignment ingredients for proposed high-order SCT). Suppose that T ;g) is the chirplet transform defined in Definition 4.
Define

(&) (&)
(2q0+aq1>a T} . T} .
£ ) e e |'f

© ! Ty T
i E ) = —
ﬂf( & 4) i

2
2(4})" +0a)) - a}o,a)

2
F) T(_g) T(_Xg) T(x g
~(2) T ~(®) U L@ f
@7 (1,8,4) 1= — g (1,8, A) N P ()
f 27[1’T}g) S T}g) 2 T;g)

if f(x) is of the form A(x)e*"¢™ | log A(x) = Zj.=0[log Al9D@) (X;_!')j , and ¢(x) is a cubic polynomial, then we have
Re(0'(1,¢, 1)) = ¢ (1), Re(i'¥(1,&, 7)) = ¢ (1),
Re(@F(1,€, 1) = ¢/ 0.

Remark 1. It is obvious that, compared with the SCT in [19], the new estimator for ¢" () will degenerate to the ingredient given in
[19] when Hj?) vanishes. Therefore, as expected, the result of the proposed method is similar to that of the SCT in the case where the
signal is a superposition of pure chirps.

This proposition somehow suggests that, if the target signal is close enough to a complex function with a cubic phase, then the new
reassignment ingredient will indeed be a suitable estimator of the first three derivatives of the phase function. In the following, we
will present some mathematical analysis to explain this fact explicitly. We first consider the following model, which is similar to the
e-ICT function in [19].

Definition 8 (The e-intrinsic cubic type function (¢-ICBT)). Suppose that e is fixed and larger than 0. A function f : R — C is said
to be the e-intrinsic cubic type function (e-ICBT) if f(x) = A(x)e’>**™® where A and ¢ have the following properties:
AeC}(R)NLYR), ¢e CHR),

inf ¢'(x) >0, sup¢’(x)< oo,
xeR xeR

A(x)>0, |A'(x)

JA" @A L 60| < el @] vxeR.

The definition specifies the oscillatory function that locally acts like a cubic polynomial phase function with the closeness quantified
by e. Furthermore, not only the variation of the IF but also that of the AM is controlled by the IF.

Definition 9 (Superposition of well-separated ¢-ICBT components). A function f : R — C is said to be in the space Y, 5 of the
superposition of well-separated e-ICBT functions if there exists a finite K such that

K
Ak(x)ez’”‘b"(x),
=1

K
)= fito =

k=1 k
where each f is an e-ICBT function, and their respective phase functions ¢, satisfy

ARG OB ACIESIS
Now, for any g € S(R), we define
Ce()E, A) 1= / glx)e e A g
R

Theorem 1 (Approximation of the reassignment ingredients). Suppose that f € Y, 5. Pick a window function g € S(R) that satisfies the
following constraint for all k = 1,2,---,K and n=0,1,2, - ,6,

\/ZD,,S
VIgl+14]

1 1" 3
|C(x”g(x)e’§”¢’< qu)(f, /1)| <
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for some D, > 0. Let ¢ = e%. Then, provided e (and thus also € ) is sufficiently small, the following inequalities hold:
For each tuple (t,¢, A) € M, , where

M, = {(,’5, E ‘5_¢;(t)( + ‘A—dzz(r)‘ < A},

q
2+¢<

-~

such that |T}(,g)(t, &, /1)‘ >é, > & we have

90.¢, /1)‘ > éand n

=

|60 - 0] <.
W0 - o] <e
and

10,80 - ¢ (0] < &

The proof of this theorem is in the Appendix since it is an extension of Theorem 1 in [19]. The proof includes some standard estimations
as well as some new estimates for 65?).

Remark 2. Let the ridge number k be fixed and set a = qb;c’ ’(t). We claim that the Gaussian window g(x) = e~ satisfies the condition

\/ZD,,G
Vigh+14]

forn=0,1,--,6. We first consider the case when a = 0. For the cases n = 0, 1, 2, we can used Remark 2 given in [19]. For n =3, ---, 6,
one can repeat the procedure in Remark 2 in [19], i.e., taking further partial derivatives, to show that the Gaussian window g(x)
satisfies the condition if the function y*'+ e is bounded, which is clear.

|c(x"g(x)e’%’“”‘3 )(g, ,1)| < 13)

If a # 0, with A, (x) := x"g(x)e' 37", we write

3

C(x"g(x)ei%”"x' )(5, A= / A,,(x)e‘zmixe_’”'/b‘2 dx.
R
Note that A, (x) is a Schwartz function depending on the constants of a and n. Moreover, we only need to consider Eq. (13) when
[(&, 4)| is large since the left-hand side of Eq. (13) is bounded on any compact neighborhood of the origin.
Assume that (&, A) = (p&,, p4y), where p is a scale parameter and (&), 4,) € R? is a unit vector. To analyze the behavior as p — o,
we first fix p and consider the following two cases for a given 6 > 0, namely the case where || > § and the case where |4,| < 6.
When |4,| > 8, the van der Corput lemma (see Chapter VIII in [21]) of K = 2 yields that

lll'[{ZX3
¢(x"ge'3™ ) (0, pAg) S

Voliol
Therefore, taking the limit p — oo, we obtain

3 2 + 14
(e1-+1D[c(x"e e’ )@, % up|4,0] + IIA;||1>2W
X 0

< (sup |4, ()| + || AL | )* (A + 671
<.

When |4,| < 8, by the integration by part, we have

orifx —midx? 1 4 Loy o
‘/RAn(x)e 2wiEX = miAXT {3 = /[R _zméﬂ(f‘n(")e i Ax )e 2migx gy .

Therefore,

/ A, (x)em 2 i dx‘ S1E (14l + 2 lxAucoll ),
R

and

2
e1-+14D[(x"5e' ™ )@ )| % Qel-+ 14D (14, + elea,col, )

< 00.

Note that sup, |A,(x)|, || A,(x)||,, and ||xA,(x)||, do not depend on ¢ and 4. They depend only on » and a.
We thus complete the claim.
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3.1. Computation for implementation

Applied and Computational Harmonic Analysis 82 (2026) 101839

Considering the stability of computation, taking a derivative directly is not a good implementation method. To achieve better
implementation results, it is important to substitute all (or nearly all) of the derivatives. Set T;g) to be the chirplet transform with

window function g(x) € S(R) and input signal f € L*(R).

Proposition 2 (Replacement of the derivative (i)). From Definition 4, we have
© _ _(&) () - (x8)
0,Tf = Tf + 27rl§Tf + 277:1/1Tf s

2(0) _ (&) _ 4 (&), oo (xe) - 27(8)
RIS =T, 4miT, 22idT;" 7 + Qui&)* Ty

’ 2
+2Q7iHQriNT — 2m/1Tf(.g+Xg " (2m'/1)2Tj§X 8,
and
0, T® = —T€" 4 i6zeT®" 4 i6zATE"
ul p 1 s f
+ T8 [i62 - 12(i26)°] + T [=24(ie) i )]
+ T;g) [8(i&)* — 12(xid)ine)] + T;"zg” [-12Giz2)?]
+ T [24(78) (xi ) — 1267 )] + T;ng) [24(in )X(in8)]
) e 113

+T7 9 [8Gz)].

in which

&) xe) (") pxg) (2 (") pxg) p(x2g) p(xe)
T Tpm T LT T 2L T LT LT Ty

are respectively the CTs of f with the window functions

"

g'(x), xg(x), g (x), xg' (x), x*g(x), g""(x), xg" (x), x*g' (x), x*g(x).

Proposition 3 (Replacement of the derivative (ii)). To replace the derivative of the denominator in (11), we compute

(g)
o,T 2
/ 1 (&) (8) ( <g>>
—|= 0, TET'® — (0T
T}S’) (T;g>)2 [ L thr

t

and
()
Ul 1

» [(0uTETE + 0,70 TE = 20,70 0,T )T

® |7 © 4
Tf (Tf )
2
_o7(8 5 () @) () _ (8)
2Tf d,Tf <6,,Tf Tf (0,Tf ) >]

Proposition 4 (Replacement of the derivative for qu). For j = 0,1, one has

i 1 J+l ’ J+1 gl
J _ /T g)(8") _ (T ) (8)
qf(t, E ) = ( ) [Tf Tf Tf T/
(ng))

: (xI*2g) n(g) _ (it (xg>)]
+127r/1(Tf T® — 0O

i 1 J+1 ' J+l1 ’
J — (/T g)(8") (x/*"g) ")
0,4, (1,6, 4) = e [(O,Tf TS+ T ¥oT)
S

ot () (it <g))
T} T, T}

(
!

: *2g) () | (I *2g) 3 ()
+2m/1(0,Tf T + 70709, T¢

o T ) (xg) (g (xg>)]
oT; T; T, oy

(g)
_Zd’Tf 19 m(g) _ (It g ) (e)
T, Ty =Ty Ty
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Table 1
Evaluation for the signal x, using different metrics.
Comparison between our method and the previous
method.

Method Rényi Entropy TF EMD TFC EMD

CT 22.6166 3.5035 12.0833
SCT 15.6369 0.5583 2.2828
Proposed 13.8553 0.4017 1.6203

4. Experimental results

In this section, we present some experimental results to show the improvement given by our proposed HSCT method (see Section 3),
utilizing the window function g,(r) = ¢ . The code we used is available at https://github.com/Arthur310210/HSCT. We evaluate
the effectiveness of each method from various viewpoints, quantifying the energy concentration of the distribution using the Rényi
entropy [22] and assessing the fidelity using 2- and 3-dimensional Earth Mover’s Distances (EMDs) [23-25], a technique commonly
employed in articles related to synchrosqueezing, as documented in [26] and [10]. In the discussion on the EMD, two scenarios are
considered. The first one is to project the 3-dimensional TFC representations onto the 2-dimensional TF representation, defined as
follows:

T O, ) 1= /oo )Tjﬁzv(,’ g, /1)|d/1.

Here, by fixing 7, we compute the one-dimensional EMD of the frequency distribution, followed by averaging the EMD curves over
all time instances. The second scenario is to directly address the 3-dimensional TFC representation. By fixing the time 7, we compute
the 2-dimensional EMD of frequency and chirp distributions and then average the EMD over all time instances.

4.1. The results for large chirp-rate variation

Recall that the most suitable condition for the SCT is that the target signal is a pure chirp signal or close to a pure chirp signal,
which is called the e—intrinsic chirp type function (e-ICT function) [19]. However, when this is not the case, then the performance
of the SCT will be limited.

The large variation in the instantaneous frequency will make the SCT perform badly. By contrast, the proposed method can linearly
detect the variance in the chirp rate and hence has much better performance. Consider the signal with a varied chirp rate as follows

X, = exp (i27r<121 + IZexp(—%(I — 3)2)>).

Note that x, is a signal with a heat kernel in its phase term and has a varied chirp rate. The instantaneous frequency for x, is
fr=12-12(t = 3)exp(=1 (1 = 3Y).

According to Fig. 1, the scattering plot of the EMD or the magnitude of |¢"/(r)| can tell us some stories. From the left subfigure
in Fig. 1, we can see that |¢'”(¢)| is far from 0 and the chirp rate of the signal varies very fast. In the middle subfigure, the EMD is
plotted versus the time. Considering the magnitude of |¢"”/(r)| at the time instant and plotting the scattering, the right subfigure is
obtained. This subfigure can probably be divided into left and right halves. In the right-half part of the subfigure, the distance gap
between the two methods becomes wider when the magnitude of the 3rd derivative of the phase function gets larger. The left-hand
part consists of two kinds of points. One of them is the points near ¢ = 3, where |¢'” ()| vanishes, and the other one is the complicated
boundary points due to the so-called boundary effect. Also, observing Fig. 2, the subfigure in the 3rd column of the 2nd row shows
that the TFC distribution of the SCT method almost collapses as the chirp rate varies rapidly. By contrast, the result in the lower-right
subfigure shows that, when using the proposed HSCT method, the obtained TFC distribution is well connected everywhere.

All of the above experimental results indicate that the variation of the chirp rate is strongly related to the performance of the SCT
but the proposed method can overcome the limitation.

4.2. Separating signals

The main motivation to develop the synchrosqueezing transform based on the chirplet transform in [19] was to weaken the
necessary condition of separating the signals, and it would be an important issue of how the proposed method works when dealing
with such problems.

We recall the first example we presented in Section 4.3,

xy, = exp (i2z(41%))
X1, = exp ([27r(—7rt2 +(24+ 67r)t))
X| = Xpp X2,

the superposition of a pair of pure chirp signals.
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Fig. 1. (Left) The numerical value of the derivatives of the phase function from the first to the third orders. (Middle) The EMD of the results given
by the CT, the SCT, and the proposed method. (Right) The scattering plot of |¢" ()| -EMD.
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Fig. 2. (Top row) The visualization of the time-frequency (TF) representation for x,. From left to right: the ideal TF representation, the result of the
CT, the result of the original SCT, and the result of the proposed HSCT. (Bottom row) The 3-dimensional visualization of the time-frequency-chirp
(TFC) representation of x,. From left to right: the ideal TFC representation, the result of the CT, the result of the original SCT, and the result of the

proposed method.
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Fig. 3. Magnitude of the analyzed chirp rate at t = 3 and & = 24 of x,. The red dotted lines indicate the accurate positions for the impulses. (Left)
The result of the CT. (Middle) The result of the SCT. (Right) The result of the proposed method. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Magnitude of the analyzed chirp rate at r = 3.176 and & = 15.67 of x;. The red dotted lines indicate the accurate positions for the impulses.
(Left) The result of the CT. (Middle) The result of the SCT. (Right) The result of the proposed HSCT method. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. (Top row): Visualizations of the TF representations for x;. From left to right: the ideal TF representation, the results of the CT, the original
SCT, and the proposed HSCT, respectively. (Bottom row): Three dimensional visualizations of the TFC representations of x;. From left to right: the
ideal TFC representation, the results of the CT, the original SCT, and the proposed HSCT, respectively.

In Fig. 3, the chirp-rate analysis result of this synthetic example is shown. One can see that, when using the proposed method, the
magnitude of the chirp rate of the two components is well-separated, which shows the proposed method works well in this case.

Next, we explore the difference between the two methods in more complex examples. Consider the synthetic signal defined as the
superposition of a chirp function and a signal with a sine curve phase function as follows.

x3 = exp (i27(8(1 — 2.2)%)),
X3y = €xp <i2n(—2005 <§7z(t - 2)) +13(t - 2))>,

X3 = X31 + X35

The instantaneous frequency for x3; and x3, are f3; = 16(r —2.2) and f3, = gn sin (%r:(r - 2)) + 13, respectively, and the intersec-
tion of them is at about 7 ~ 3.176 and & ~ 15.67.

Some differences arise in this example between the methods of the SCT and the proposed HSCT. As shown in Fig. 4, the magnitude
of the analyzed chirp rates of the two methods are different. The correct chirp rates of this example at ¢ = 3.176 and ¢ = 15.67 should
be two impulses at about 16 and —6.83. The former is contributed from x;; and the latter is from xs3,. From Fig. 4, the middle subfigure
shows the result given by the SCT. The lower order of the SCT leads to the bias of the estimation result, which consequently makes
the squeezing process wrong. By comparison, from the right subfigure, one can see that the proposed method gives a quite reliable
estimation result of the chirp rate.

From the 3rd column in the bottom row of Fig. 5, one can see that the TFC representation determined by the SCT contains more
side lobes and the sinusoidal part of the TFC representation is blurred. One can imagine that the blurring of the sinusoidal part is
due to the fast variation of the chirp rate, which reduces the applicability of the SCT. In contrast, from the 4th column of Fig. 5, one

11
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Table 2
Evaluation for the signal x; case using different metrics. Com-
parison between our method and the previous method.

Method Rényi Entropy TF EMD TFC EMD

CT 24.1379 4.4416 14.3708

SCT 18.4175 2.9218 11.1113

Proposed 17.7811 1.7455 7.5175
Table 3

Evaluation for the signal x, using different metrics. Compari-
son between our method and the previous method.

Method Rényi Entropy TF EMD TFC EMD

CT 23.5241 3.3526 10.1349

SCT 15.0726 1.1402 3.3042

proposed 16.0366 0.7263 3.1288
Table 4

Evaluation for the signal x, using different metrics. Compari-
son between our method and the previous method.

Method Rényi Entropy TF EMD TFC EMD
CT 23.7805 2.8182 8.5212
SCT 20.3239 1.9534 6.7796
Proposed 18.1902 1.3703 5.1615

can see that the proposed method not only gives a clear string wave graph but also well separates the two modes in the TFC space.
According to Table 2, the proposed HSCT method has a lower Rényi entropy and lower TF and TFC EMDs, which means that the
proposed method has better energy concentration.

4.3. Degenerated into the SCT

As mentioned in Section 3, the proposed method adds the parameter 0% to adjust the estimation result of the phase function. Its
purpose is to include the information of the 3rd derivative of the phase function in the synchrosqueezing transform. However, when
the target signal is a pure chirp or the composition of pure chirps, the extra adjustment becomes a redundancy.

We now consider the case where the signal is a composition of a pair of pure chirps. The input signal is as follows

xy; = exp (i27(41%))
X1y = exp (i2z(—at* + (24 + 67)t))
Xp =X+ X

where the instantaneous frequency for x,; and x,, are f; = 8¢ and f|, = —2xt + (24 + 67), respectively.
Derived from Section 3, G;g)(t, &, A) represents the magnitude of the 3rd derivative of the phase function at time 7 and frequency &.

This leads to the conclusion that the impact of 0®' is minimal in this case, aligning well with the characteristics of the given signals.
Also, as seen from Table 3, the SCT method outperforms other methods in energy concentration based on the winning Rényi entropy,
despite similar scores in the two kinds of the EMD.

4.4. More than two modes

For the last example, we explore the performance when the input is a superposition of more than two modes. The following
three-mode signal x, consists of one linear chirp and two signals with cubic polynomial phase functions.

X4 = exp (j27r(%t3 - %tz +401 + 180)),

X4p = €X ('2n(—§t3+§t2+§t+§))
Q=P TG Tt I e ) )

X43 = eXp <j27r<—%t2+(26+67r)t—67r— %))
X4 = Xq1 + Xgp + Xy3,

where the instantaneous frequency for x,;, x4, and x,; are f,; = grz — 15t + 40, f4 = _%,2 + 15t + %, and f;;3 = -7t +26 + 67, re-
spectively. The numerical results in Table 4 show that the proposed HSCT also works well when the number of modes is more than
two.

12
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5. Conclusion

In this paper, the HSCT, which is to extend the synchrosqueezed chirplet transform into a higher-order version, was proposed.
It enables us to well analyze the signals with the fast variation of the chirp rate. Experimental results also show that the proposed
HSCT has better performance than existing methods. In future work, we will further extend the proposed idea. Note that the proposed
new operator is independent of the kernel of the original integral operator. For example, the proposed operator is also valid for the
synchrosqueezed wavelet transform and we can apply a similar method to extend the synchrosqueezed wavelet transform into the
higher-order version.Algorithm 1, Table 1
Data availability

Data will be made available on request.
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Appendix A. Proposed Algorithm

Algorithm 1 Higher Order Synchrosqueezed Chirplet Transforms (HSCT).

Input Signal x € C" or R”, sampling rate f,, window vector g € C22*! or R?%*! and suitable N > 20 + 1
Output Tf{g) € C™FXC where F, C are the length of frequency axis and chirp axis, respectively.

1: Build time ticks t € R”, frequency ticks f € R¥ and chirp ticks A € R¢
2: Create a n x F x C matrix T,

3: fori=1tondo

4: for k =1to C do

5 Lety,, =x[i—=Q :i+0]-(t[i—0Q : i+ 0Q]—t)" g9 exp (—izd (t[i— Q : i+ Q] —t)?)
6 Compute Y*'¢) = gt - exp(iZHW)FFT(ya.b, N)ecCN
7: Choose the subvector of Y*’8) corresponding to non-negative frequency. > Approximate 7, f‘bg(a)) @, 5, A)
8 Compute 0, u, ® by Proposition 2, 3, 4 and 1.
9: Normalized u, @ to [1 : F], and [1 : C] as muIdx and omegaIdx
10: for j=1to F do
11: Reassign T®[i, omegaIdx[/], muIdx[j]]l+ = Y&'¢[j]
12: end for
13: end for
14: end for

Appendix B. Proof of Theorem 1

In this section, we provide the proof of Theorem 1 by listing a few lemmas. These lemmas make up the proof of Theorem 1. We
will skip the proof if the content is highly similar to the one in the reference.

Lemma 1. For any tuple (t,&, A) under consideration, there can be at most one k € {1, ..., K} such that ‘5 - ¢;€(t)| + |/l - qb;c’ (t)| <A, ie.
(t.E, ) € M,.

The proof of this lemma has been established in Lemma 3 in [19].
Lemma 2. If (1,£, 1) ¢ M, then

|78 )| < B0,

where E; (1) := Hq_’:;(”LMInH + (Dn + 1_”2

Am I,,+4)Ak(t).
Proof. First, we do the decomposition to f,(x) to evaluate the difference to it own at the time ¢

[e(x) =Ag(x)e? 9

13
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=(Ap(x) = A()) 2P

A" [0+ OG0+ 5 ] OG-+ § ) Ox=0)

N Ak(t)<e2”i‘/’k(") B ezm'[¢k(x)+¢,’((r)(x—x)+%¢;g(r)(x—r>2+éd;,’(”(x)(x—rﬁ]) _

Denote these three terms in the sum by f, |, fy,, fi ; respectively and

I,,:/lx—t|"|g(x—t)|dx.
R
Then we have

19060 < [ 140 - Aollx =it - lax

< “A/k”m / |x =t |g(x — 1)|dx

o I A Y

If (1,£, 1) & M, then

("g)
= ' / A ()X O (x — 1Y g(x — 1)
R

x e—znx(:—¢;(r))(x—r)—m‘(A—¢;g<r>><x—r>2+%m‘dﬁ”(x)(x—r)»‘ a'x|

= Ak(z)‘c(x"g(x)e%ﬂf¢”'<r>x3 ) AN (t))‘
< A (OD,e,

providing

. AD
R O E VaDe |

VIEl+14

where C(f(x))(&, ) 1= [ F(x)e=2miéx=nidx® gy For the last term, we have

(x"g)

Tfk,3g ¢, ﬁ)‘
S 1

< Ak(t)/Zﬂ dr(x) — Z Ed’ip)(l)(x -
p=0"1"

< ) [ 20 b =g niox

lx — 1" g(x = D)]dx

< f—zAk(f)”‘l’f)“LwI"“ < EAk(t)‘|¢L)‘LwIn+4-

12
Consequently,
|77 06 0 -T e b| < e Y B
I#k
O

Lemma 3. If (1,&, 1) € M for some k where 1 < k < K, then

/1 t
Ty - zm<¢’k(z)Tf(g) + L OT] + —¢"2( )Tf(ng)> < eBy ()
where

N T
1,0 = ( B ot 5] e

k=1

+2r Y (qs; (E; o) + ¢§’(t>|E,,1(t) + %lqﬁ;/’(t)lE,,z(t))
1#k

[¢!" 0]
+27r<¢;((t) Y Ejpn+ |¢;(/(,)‘ > EL 0+ kz > El’z(t)>> .
I1#k 14k

Ik
14
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After doing the 4th- order Taylor expansion to the phase functions, the rest of the proof is similar to Lemma 5 in [19].

Lemma 4. If (1,& 1) € M, for some k where 1 < k < K, then

RTE 2 <¢;j OTF + ¢ O] + ¢, (00T + ¢ (0, T}

1 2
+ 34 00T )| < eBio(

where

B,()=Q+21 ) (
1#k

¢ O] Evo(0) + |8 0] Ly (0) + ${ 0 Fy o0

+

¢!'(1)

1
F, (t P
110+ 3

o (1)

Fia(0)

0]

+ 2n<(¢’k’ 0] X Eio+ > E+ Y Fo®
1#k 1#k I#k

+|el o) Y Fl,l(t)+% O Fl’2(1)>
1%k 1%k
with
N 2
Q=Y ( |¢;{| Lo t2m |¢;{| Lm)IO + 7|6 N Akl o 22
k=1
S PR TA I A ] A
Forn=1,2,3
Fion = ([[4]] o+ 500 IAel] 113

+20( OBy + 1] DI s + 218 OBy )

The proof of this lemma is also similar to Lemma 6 in [19]. The difference between them is that we now need to do further estimates
to

<e Y F.

(2 g) _ 5 g)
‘a,Tf T
I#k

Lemma 5. If (1,&, 1) € My for some k,1 < k < K, then

0, T} = 2 <¢’k/’(t)T;g P20 00, T + 20 00,T)

1 2
FBLORTE + S ORTL + 38 0T )

<e€Bys

where

By ;= lﬁ; <<”¢L

+2n“¢;

o T 27[”(15;{

2
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o ([ 2l )4 5 ] 1)

N
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+27z'”¢;(

e l4el- )

and

G () =2n <

O]

E () +

Ol RIORS PG

Fien®

¢

S| Fpn 0 +

+<¢L
v A

Proof. If f,.(x) = A, (x)e*""®c™), then one has

Fk,n+2(t)>

+ 27
LOO

i

2
Lm> L+ ””‘%”Lm 4kl o T2

A4 2]

L In+3 .

I () =AY ()P 4 A (x)2xih () P 4 27igh)!! (x) £ (x)
+ 4zigh) () [L(x) + 2migh (x) f} ().

Denote the five terms in the right-handed side by f ;, fx2.*, fi 5, Tespectively, and hence

N N
F6) =D [i@ ) = Y fia (0 + fea() + o+ fis(0).

k=1 k=1
Denote the kernel by

Ko —1) i= e—2m§(x—t)—zri/1(x—t)2

The first and second terms give

@ | _ " 27ighy (x) _ _ " ’
T | = /Ak (02T g(x — E(x — )dx| < || AL LocIOSS“(ﬁkLmlo
T | = ‘ / Al ()27idp) (x) PN g (x — NIC(x = 1)dx
/ "
o CAMN R PE
, 2
<anefo 1o

the third term yields

&) _ Ayt (8)
Tfk.} 2rigy, (t)Tfk
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Lo 1Akl oo T

the fourth term yields
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i+ 2 0B ) =

and
N
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Applying the proof in Lemma 4,
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k=1

1
+HOORTE + ¢ (2T + Eqb;(”(t)ﬁftT;x g>)

N
+

e f
I#k

1
+ [ ORTE +247" 0TS )

+ '2ni(¢g’(z)(T;g) =T ) + 201 0(0TE - 07)
26" O 0.7 — 9. 78 ’ 2T® — 2T7'®
2¢O 9T} Ty )+ & (O 9, Ty ' g,
17

/
L

' f

21i Y, <¢;”(t)f;f) +2¢] (00,T}" +2¢" (0, T;™ + ¢, T,

k13>~
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" 2 (xg) 2 (xg) | 2 (x2g) 2(x%g)
40T = T ) 4 S (2T - 1))
=0+ L+,

where

N
—_ 133 7@ _»n_: " (8) " [€9) /" (xg)
Jy =10, T 27i 2 < X (t)Tfk +2¢), (t)d,Tfk +2¢), (t)d,Tfk

it f
k=1

1 2
+OORTE + ¢ (DOZTE + 5¢;(”(z)af,T}z g>)

=2((

i

0+ 2 ) o 20 Al

L +27r‘

i

+ 21 |- +27!”¢L”Lw||Ak||Lm>12+ %(

Lw(HA;C Lwcp"[3>’
N

21 3, (/0T + 200010 4207 00T + $ 02T
£k

J, =

1 2
+ & WOT + 9] 0T g>)‘

.

I#k

¢;”(t)|E,’0(t) + 2(4);’(:))5,0(:) + 2)¢;”(z))F,, L)

+|10]G100 + ¢ 0|Gri) + %|¢;,,(t)|G1,z(f)),

and

_ N (g) (g) iz (g) (g)
Jy= '2nz(¢k (t)(Tf -7 ) +20)] (z)(a,rf ~oT¢ )
20 0(0T5 = 0,750 ) + 0 (2T - T

y y 1 2 2
+¢Z(,)<02T(x;) _ 0tZtT}ié)) + §¢Z'(’)<3§T}x 9 _ f’ﬁT}: g)))'

wtf
N
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Ik

¢;”(T)| E o)+ 2‘05;(’(’)) Fio( + 2)05;(”(’))5,1(’)

+|#10]Gro0 + |#0] G0 + 3 ¢;”<r>|G,,z(r)> :

Combine the above three estimates to conclude the proof of this lemma. O

Lemma 6. For any (t,¢, A) € M, such that ‘T/(.g)(t, £, /L)) > ¢, > &, we have

40,6, ,1)| > éand x

1
q
249, —g
a5

109, ) - ¢y ()] < &

provided e is sufficiently small.

Proof. Let
(xg) (x%g)
I
2 o +9; e 4!
0=2+9, =249, L
7
1+0, )
7
and
) a,T}g)
1 T}g)
N =0,

<T}m > |
1+o, L=

(8)

Ty

then we have

10%t,¢,2) - ¢} 1)
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oT® T0®) &%) -
o (f> 2 f( >+ o, f( )
T/g T /g T/g
2+0,

(xg) 78

1+9, R
T
f !

o ‘N mQ¢”’(t)|.

¢ - o,
Tl

T(Xg)
Recall that q =1+9 < ) >, so we naturally have
f

(@2 0 _ (8)\2 (xg)(8) _ (xg) ()
T = ((Tf P+ 0TI T T )
. After simplifying and rewriting the equation in an appropriate order, at (7,&, 1) € M, it will become

7|0|

0 .80 = 40|

= ; 3 (8) " (8) (8) " (xg)
_'T(g)qo [‘)mTf = 2mi( & (T + 2 (00,T* + 24 ()9, T;
Sr

+ ¢l (13> }g>+¢ (1> }Xg>+ qﬁ’"(t)aflT}X ‘”)]

1 27(8) _ ©) | g (X8 | 47 (®
+(T(g))3(q0)2 ["an 2zi( g (TS + ¢ OT + ¢, ()0, T}
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@@L

27(8) ((8) (xg) (8) 52 (x8) ()32
x <a,,ng (ng +0,T* ) —oTORTS ~20,T®)
[agT}g) 2z <¢ OT + ¢ OT] + ¢ 100,T + ¢ (00,T]
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Applying the previous lemmas to dominate these three terms, we have

z|Q|
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€By 3
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T 13
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With the uniform boundedness of By (1), ‘6,2, i and ’T}""§>|, we also get the boundedness of |q? ‘ If we impose an extra

restriction on ¢, namely that, for all k € {1,...,K} and all (1,¢&,4) € My,

--1
T 1451 By s

(xg) 32 )
+ By, <)fo§ T| + eByy 0,179 +

-

then |9<fg>(t, EN-¢l®l<e O

(&) (&) _ 2 p(xg)
T (20,7 - 27 )D

\%
™
Y

2(8) (1 (8) (xg)
BT (T +0T0)

(8) 32 (x8)
+ oo

)
+20,T})

) |

Lemma 7. Forany (t,¢, A) € M, such that ‘T}g)(t, £, /1)) > €,

+€By,

(g) (xg)
(Tf +oT; )

(15/1)|>eand7r > &, we have

()

:u\~

WP n -l <e
provided e is sufficiently small.

Proof. By the previous lemmas, we have at (,&, 1) € M,

|- )

o,T 7® ] T(xg) T(’\ &)
a,< & |- mioPae |20 o Lo
f f f
= A0

T(Xg)
27i( 149, r}g)
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|3 1@ o 11 ® o e L D (2
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22i (@2 +0TEOTE - TE00,7)

+

€ € () 1
< By + By |o T+ —-|ay |
&) 0 ” ()2 ,0 g S 21q° S
27|74 2a(T*)? 14| layl
Also with the boundedness of |q jl,) and the similar argument in the proof of Lemma 6, | y(g)(t E ) — ¢L’ ()| < €if e is sufficient small. O
1
q
249, < —f>
0
a5

Lemma 8. For any (t,¢, ) € M, such that ‘T;g)(t, E, /1)) > ¢, > &, we have

q?(t, &, A)| >éand rx

(1,6, 0) - ¢, ()] < &
provided e is sufficiently small.

Proof. By the previous lemmas, we have at (,&, 1) € M,

|0 (t,&, 1) = ¢, (0]

0.T® T(Xg) T(x 8
= o =5 |- e | L |- S0P A
2ri T(g) T(g) T® k
S S f
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© _H_: (8) (xg) _ _n(8) (x%g) o 1y (2)
0,Tf 27rt;4f (t,€&, A)Tf 7[19/, (t,¢, /I)Tf 27r1¢>k(t)Tf

2ri T}g)

X ¢///(,) 2
[a,Tj‘,g’ - 2nz(¢;(t)TJEg) + L OT; + 2T g’)]

‘ 27i T;g)

6] (xg) (2) (x2g)
. (¢Z(t)—uﬁ .8 T} § N (¢;§’(t)—9f @& T} &

(8) (8)
Ty 21}
2
S — B+ — |1+ T
27T} T 201}

With the similar argument as in the proof of Lemma 6, we have |w(fg)(t, E A — ¢L(t)| < ¢, if € is sufficiently small. O

Combining all these lemmas, one can conclude the proof of Theorem 1.
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