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 a b s t r a c t

This study focuses on the analysis of signals containing multiple components with crossover 
instantaneous frequencies (IF). This problem was initially solved with the chirplet transform 
(CT). Also, it can be sharpened by adding the synchrosqueezing step, which is called the syn-
chrosqueezed chirplet transform (SCT). However, we found that the SCT goes wrong with the 
high chirp modulation signal due to the wrong estimation of the IF. In this paper, we present the 
improvement of the post-transformation of the CT. The main goal of this paper is to amend the es-
timation introduced in the SCT and carry out the high-order synchrosqueezed chirplet transform. 
The proposed method reduces the wrong estimation when facing a stronger variety of chirp-
modulated multi-component signals. The theoretical analysis of the new reassignment ingredient 
is provided. Numerical experiments on some synthetic signals are presented to verify the effec-
tiveness of the proposed high-order SCT.

1.  Introduction

Time series analysis is getting increasingly important in many fields, including radar system analysis, seismic wave detection, 
medical signals, etc. Due to the non-stationarity of the systems, the observed signals are always oscillatory and in the form of multiple 
components. Many time-frequency (TF) analysis tools have been invented to decompose and clarify them. The reassignment method 
(RM) manages to sharpen the representation. Empirical mode decomposition (EMD), the short-time Fourier transform (STFT), the 
STFT-based synchrosqueezing transform (FSST), or its higher order version, like the vertical second-order synchrosqueezing (VSST) 
and the 𝑛-th order STFT-based SST (FSSTn) were developed to retrieve the signals component by component. However, these methods 
require some specific separation conditions. To decompose a signal properly is an important issue before we start to analyze it. 
However, the reassignment method (RM) [1,2] has the problem of invertibility. One cannot retrieve the mode information after 
performing the RM. EMD [3,4] and the short time Fourier transform (STFT) [5] for multi-component signal requires the “separation 
condition”, that is to say, if a signal 𝑓 (𝑡) has the form as

𝑓 (𝑡) =
𝐾
∑

𝑘=1
𝑓𝑘(𝑡) =

𝐾
∑

𝑘=1
𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡) (1)

∗ Corresponding author.
 E-mail address: jjding@ntu.edu.tw (J.-J. Ding).

https://doi.org/10.1016/j.acha.2025.101839
Received 12 May 2024; Received in revised form 22 August 2025; Accepted 27 November 2025

Applied and Computational Harmonic Analysis 82 (2026) 101839 

Available online 1 December 2025 
1063-5203/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/acha
https://www.elsevier.com/locate/acha
https://orcid.org/0009-0005-6865-2958

$n$


$f(t)$


\begin {equation}f(t) = \sum _{k=1}^{K}f_k(t)= \sum _{k=1}^{K}A_k(t)e^{2\pi i \phi _k(t)} \label {Xeqn1}\end {equation}


$A_k(t)$


$\phi _k(t)$


$\phi '_k(t)>0$


$k\neq j$


$\left |\phi '_k(t)-\phi '_j(t)\right |\geq \Delta $


$\Delta $


$t$


$\Delta $


$3$


$\left |\phi _{k}^{\prime }(t)-\phi _{l}^{\prime }(t)\right |+\left |\phi _{k}^{\prime \prime }(t)-\phi _{l}^{\prime \prime }(t)\right | \geq 2 \Delta $


$k\neq l$


$f_k(t) = A_k(t)e^{2\pi i \phi _k(t)}$


$\epsilon $


$\epsilon $


$k$


$\phi '''_k(t)$


\begin {equation}f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)} \label {Xeqn2}\end {equation}


$K\in \mathbb {N}$


$f_k(t)$


$f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)}$


$f(t)$


\begin {equation}\mathrm {TI}_f(t,\omega ) = \sum _{k = 1}^{K}A_k(t)\delta (\omega -\phi '_k(t)) \label {Xeqn3}\end {equation}


$\delta $


$f \in L^2(\mathbb {R})$


$g\in \mathcal {S}(\mathbb {R})$


$\mathcal {S}(\mathbb {R})$


$\mathbb {R}$


$f$


\begin {equation}V^{(g)}_f(t, \xi ) = \int _{\mathbb {R}}f(x)g^*(x-t)e^{-2\pi i \xi (x-t)}dx \label {Xeqn4}\end {equation}


$g^*$


$g$


$|V^{(g)}_f(t, \xi )|^2$


$t$


$\xi $


\begin {equation}T^{g,\gamma }_{f}(t, \omega ) = \frac {1}{g^*(0)}\int _{\{\xi : | V^{(g)}_f(t,\xi ) | > \gamma \}} V^{(g)}_f(t,\xi )\delta (\omega - \hat {\omega }_f(t, \xi ))d\xi \label {Xeqn5}\end {equation}


$\tilde {\omega }_f(t,\xi ) = \frac {1}{2\pi i}\frac {\partial _tV^{(g)}_f(t,\xi )}{V^{(g)}_f(t,\xi )}$


$\hat {\omega }_f(t, \xi ):= Re\left (\tilde {\omega }_f(t,\xi )\right )$


$\tilde {\omega }_f(t,\xi )$


$f\in L^2(\mathbb {R})$


\begin {equation*}\tilde {t}_f(t, \xi )=t-\frac {\partial _\eta V_f^{(g)}(t, \xi )}{i 2 \pi V_f^{(g)}(t, \xi )}\text {. }\end {equation*}


$V_f^{(g)}(t, \xi ) \neq 0$


$\partial _t\left (\frac {\partial _\eta V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right ) \neq i 2 \pi $


\begin {equation*}\tilde {q}_f(t, \xi )=\frac {\partial _t \tilde {\omega }_f(t, \xi )}{\partial _t \tilde {t}_f(t, \xi )}=\frac {\partial _t\left (\frac {\partial _t V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right )}{i 2 \pi -\partial _t\left (\frac {\partial _\eta V_f^{(g)}(t, \xi )}{V_f^{(g)}(t, \xi )}\right )}\end {equation*}


\begin {equation*}T^{g,\gamma }_{f}(t, \omega ) = \frac {1}{g^*(0)}\int _{\{\xi : | V^{(g)}_f(t,\xi ) | > \gamma \}} V^{(g)}_f(t,\xi )\delta (\omega - \hat {\omega }^{(2)}_f(t, \xi ))d\xi \end {equation*}


\begin {equation*}\begin {aligned} \tilde {\omega }_f^{(2)}(t, \xi )=\left \{\begin {array}{cc} \tilde {\omega }_f(t, \xi )+\tilde {q}_f(t, \xi )\left (t-\tilde {t}_f(t, \xi )\right ) & \text { if } \partial _t \tilde {t}_f(t, \xi ) \neq 0 \\ \tilde {\omega }_f(t, \xi ) & \text { otherwise } \end {array}\right . \end {aligned}\end {equation*}


$\hat {\omega }^{[2]}_f(t, \xi ) = Re\left (\tilde {\omega }_f^{(2)}(t, \xi )\right )$


$Re\left \{\tilde {q}_{t, f}(t, \eta )\right \}=\phi ^{\prime \prime }(t)$


$f(t) = A(t) e^{i 2 \pi \phi (t)}$


$\log (A(t))$


$\phi (t)$


$Re\left \{\tilde {\omega }_{t, f}^{(2)}(t, \eta )\right \}$


$\phi ^{\prime }(t)$


$2$


$2$


$3$


$f(t) = \sum _{k = 1}^{K}f_k(t)= \sum _{k = 1}^{K}A_k(t)e^{2\pi i \phi _k(t)}$


$f(t)$


\begin {equation*}\mathrm {TI}_f(t,\xi , \lambda ) = \sum _{k = 1}^{K}A_k(t)\delta (\xi -\phi '_k(t))\delta (\lambda -\phi ''_k(t))\end {equation*}


$\delta $


$f\in L^2(\mathbb {R})$


$g \in \mathcal {S}(\mathbb {R})$


$(t, \xi , \lambda )$


\begin {equation*}T_f^{(g)}(t,\xi ,\lambda )= \int _{\mathbb {R}}f(x)g^{*}(x-t)e^{-i 2\pi \xi (x-t)- i \pi \lambda (x-t)^2}dx\end {equation*}


$t\in \mathbb {R}$


$\xi \in \mathbb {R}$


$\lambda \in \mathbb {R}$


$g$


$T_{f}^{(g)}(t, \xi , \lambda )$


$(t, \xi , \lambda )$


$f(x) = e^{i 2\pi \xi _0 + i \pi \lambda _0 x^2}$


$T_f^{(g)}(t,\xi ,\lambda )$


$\frac {1}{\sqrt {|\lambda _0 - \lambda |}}$


$\xi $


$\xi _0+\lambda _0 t$


$\lambda $


$T^{(g)}_f(t, \xi , \lambda )$


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$\alpha > 0$


$\alpha $


\begin {align*}&S_{f}^{(g, \alpha )}(t, \xi , \lambda ):= \iint _{\mathbb {R}^{2}} T_{f}^{(g)}(t, \eta , \gamma ) h_{\alpha }(\xi -\omega _{f}^{(g)}(t, \eta , \gamma )) h_{\alpha }(\lambda -\mu _{f}^{(g)}(t, \eta , \gamma )) \mathrm {d} \eta \mathrm {d} \gamma \end {align*}


$\mu _{f}^{(g)}(t, \xi , \lambda )$


$\omega _{f}^{(g)}(t, \xi , \lambda )$


\begin {equation*}\mu _{f}^{(g)}(t, \xi , \lambda ) =\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )},\end {equation*}


\begin {equation*}\omega _{f}^{(g)}(t, \xi , \lambda ) = \frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\mu _f^{(g)}(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\end {equation*}


$h_{\alpha }$


$\delta $


$h(x)$


$\int _{\mathbb {R}} h(x) dx=1$


$h_{\alpha }(x):=\frac {1}{\alpha }h(\frac {x}{\alpha })$


$2{\rm nd}$


$\phi (t)$


$f(t)$


\begin {align*}f(x) = \exp {(2\pi i (\frac {\theta _0}{3!} x^3 + \frac {\mu _0}{2!} x^2 + \omega _0 x))},\end {align*}


\begin {equation}\label {eq:taylor_of_phi(t)} \begin {aligned} \phi (x) &= \frac {\theta _0}{3!} x^3 + \frac {\mu _0}{2!} x^2 + \omega _0 x\\ &=\phi (t) + \frac {\phi '(t)}{1!}(x-t)+\frac {\phi ''(t)}{2!}(x-t)^2 +\frac {\phi '''(t)}{3!}(x-t)^3. \end {aligned}\end {equation}


$\partial _t T_f^{(g)} = T_{f'}^{(g)}$


$f'(t) = 2\pi i \phi '(t)f(t)$


\begin {equation}\begin {aligned} f'(x) &= 2\pi i \phi '(x)f(x) \\ &= 2\pi i \left [\phi '(t) + \frac {\phi ''(t)}{1!}(x-t)+\frac {\phi '''(t)}{2!}(x-t)^2\right ]f(x), \end {aligned} \label {Xeqn7}\end {equation}


\begin {equation}\begin {aligned} \partial _t T_f^{(g)} &= i 2\pi \left [\phi '(t) T_f^{(g)} + \frac {\phi ''(t)}{1!} T_f^{(xg)}+\frac {\phi '''(t)}{2!} T_f^{(x^2g)}\right ]\\ &=i 2 \pi \left ([\omega _0+\mu _0 t+\frac {\theta _0}{2 !} t^2] T_f^{(g)}+\left [\mu _0+\theta _0 t\right ] T_f^{(xg)}+ \frac {1}{2}\theta _0 T_f^{\left (x^2 g\right )}\right )\\ \partial _t\left (\frac {\partial _t T_f^{(g)}}{T_f^{(g)}}\right ) &= \partial _t\left (2\pi i[\omega _0+ \mu _0 t+ \frac {\theta _0}{2!}t^2]+ i 2\pi \left [\mu _0+\theta _0 t\right ]\left (\frac {T_f^{(xg)}}{T_f^{(g)}}\right )\right .\\ &\hspace {1.3cm}\left .+\pi i\theta _0 \left (\frac {T_f^{(x^2g)}}{T_f^{(g)}}\right )\right )\\ &= i 2\pi \left [\mu _0 + \theta _0t\right ]+ i 2\pi \theta _0 \frac {T_f^{(xg)}}{T_f^{(g)}}+2\pi i\left [\mu _0+\theta _0 t\right ]\partial _t\left (\frac {T_f^{(xg)}}{T_f^{(g)}}\right )\\ &\quad +\pi i\theta _0 \partial _t\left (\frac {T_f^{(x^2g)}}{T_f^{(g)}}\right ),\\ \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} &= i 2\pi \left [\mu _0 + \theta _0t\right ]+ \frac {i \pi \theta _0}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\left [ 2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]. \end {aligned} \label {Xeqn8}\end {equation}


$\theta _0$


\begin {align*}\theta _0 = \phi '''(t)=\frac {1}{\pi i}\partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right )\left [2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )\right ]^{-1}.\end {align*}


\begin {align*}\mu _0+\theta _0 t= \phi ''(t) =\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\pi i \theta _0\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )}\end {align*}


\begin {align*}\omega _0 + \mu _0 t + \frac {\theta _0}{2} t^2 = \phi '(t)=&\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-(\mu _0+\theta _0 t)\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\\ &\quad -\frac {1}{2}\theta _0\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ).\end {align*}


$\phi (x)$


$\phi (x) = \sum _{n=0}^{\infty } \phi ^{(n)}(t)\frac {(x-t)^n}{n!}$


\begin {align}\partial _t \left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right ) = \sum _{j=0}^{\infty }2\pi i \phi ^{(j+2)}(t)\frac {1}{(j+1)!}\left [(j+1)\frac {T^{(x^jg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^{j+1}g)}_f}{T^{(g)}_f}\right )\right ].\end {align}


$j^{th}$


$T_f^{(g)}$


$g(x)\in \mathcal {S}(\mathbb {R})$


$f\in L^2(\mathbb {R})$


$j^{th}$


\begin {equation*}q^{(g)}_{f,j}(t,\xi ,\lambda )= q^{j}_f(t, \xi , \lambda ):= (j+1)\frac {T^{(x^jg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^{j+1}g)}_f}{T^{(g)}_f}\right ).\end {equation*}


$j = 0,1$


\begin {equation*}\theta _0=\dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )},\end {equation*}


\begin {equation*}\mu _0+\theta _0 t=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f}.\end {equation*}


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$T_f^{(g)}$


$T_f^{(xg)}$


$T_f^{(x^2g)}$


\begin {equation}\theta _f^{(g)}(t, \xi ,\lambda )=\dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )}, \label {Xeqn9}\end {equation}


\begin {equation}\label {eqn:new_mu} \begin {aligned} \tilde {\mu }^{(g)}_f(t, \xi , \lambda ):=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f}, \end {aligned}\end {equation}


\begin {equation}\label {eqn:new_omega} \begin {aligned} \tilde {\omega }^{(g)}_f(t, \xi , \lambda ):&=\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\tilde {\mu }^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\\ &\quad -\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ). \end {aligned}\end {equation}


$f \in L^2(\mathbb {R})$


$g \in S(\mathbb {R})$


$\alpha > 0$


$\alpha $


\begin {align*}&S_{f}^{(g, \alpha )}(t, \xi , \lambda ):= \iint _{\mathbb {R}^{2}} T_{f}^{(g)}(t, \eta , \gamma ) h_{\alpha }(\xi -\tilde {\omega }_{f}^{(g)}(t, \eta , \gamma )) h_{\alpha }(\lambda -\tilde {\mu }_{f}^{(g)}(t, \eta , \gamma )) \mathrm {d} \eta \mathrm {d} \gamma \end {align*}


$\tilde {\mu }_{f}^{(g)}(t, \xi , \lambda )$


$\tilde {\omega }_{f}^{(g)}(t, \xi , \lambda )$


$h_{\alpha }$


$\delta $


$T^{(g)}_f$


\begin {equation*}\theta ^{(g)}_f(t, \xi , \lambda ):= \dfrac {\dfrac {1}{\pi i}\partial _t\left (\dfrac {\partial _t\left (\frac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )}{q^0_f}\right )}{2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )},\end {equation*}


\begin {equation*}\tilde {\mu }^{(g)}_f(t, \xi , \lambda ):=\dfrac {1}{2\pi i }\frac {\left (2q^0_f+\partial _t q^1_f\right )\partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )-\partial ^2_{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )q^1_f}{2\left (q^0_f\right )^2+\partial _t q^1_f q^0_f-q^1_f\partial _t q^0_f},\end {equation*}


\begin {equation*}\tilde {\omega }^{(g)}_f(t, \xi , \lambda ):=\frac {\partial _t T^{(g)}_f }{2\pi iT^{(g)}_f }-\tilde {\mu }^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )-\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\end {equation*}


$f(x)$


$A(x)e^{2\pi i\phi (x)}$


$\log A(x)=\sum _{j=0}^3 [\log A]^{(j)}(t)\frac {(x-t)^j}{j!}$


$\phi (x)$


\begin {equation*}Re(\theta ^{(g)}_f(t, \xi , \lambda ))=\phi '''(t), Re(\tilde {\mu }^{(g)}_f(t, \xi , \lambda ))=\phi ''(t),\end {equation*}


\begin {equation*}Re(\tilde {\omega }^{(g)}_f(t, \xi , \lambda ))=\phi '(t).\end {equation*}


$\phi ''(t)$


$\theta ^{(g)}_f$


$\epsilon $


$\epsilon $


$\epsilon $


$\epsilon $


$0$


$f: \mathbb {R} \rightarrow \mathbb {C}$


$\epsilon $


$\epsilon $


$f(x) = A(x) e^{i 2 \pi \phi (x)}$


$A$


$\phi $


\begin {equation*}\begin {gathered} \hspace *{-9pc} A \in C^{3}(\mathbb {R}) \cap L^{\infty }(\mathbb {R}), \quad \phi \in C^{4}(\mathbb {R}), \\ \hspace *{-10pc} \inf _{x \in \mathbb {R}} \phi ^{\prime }(x)>0, \quad \sup _{x \in \mathbb {R}} \phi ^{\prime }(x)<\infty , \\ A(x)>0, \quad \left |A^{\prime }(x)\right |,\left |A^{\prime \prime }(x)\right |,\left |A^{\prime \prime \prime }(x)\right |, \left |\phi ^{(4)}(x) \right |\leq \epsilon \left |\phi ^{\prime }(t)\right |, \quad \forall x \in \mathbb {R}. \end {gathered}\end {equation*}


$\epsilon $


$\epsilon $


$f$


$\mathbb {R} \rightarrow \mathbb {C}$


$\mathcal {Y}_{\epsilon , \Delta }$


$\epsilon $


$K$


\begin {equation*}f(x)=\sum _{k=1}^K f_k(x)=\sum _{k=1}^K A_k(x) e^{2 \pi i \phi _k(x)},\end {equation*}


$f_k$


$\epsilon $


$\phi _k$


\begin {equation*}\left |\phi _k^{\prime }(t)-\phi _l^{\prime }(t)\right |+\left |\phi _k^{\prime \prime }(t)-\phi _k^{\prime \prime }(t)\right | \geq 2 \Delta \,.\end {equation*}


$g\in \mathcal {S}(\mathbb {R})$


\begin {equation*}\mathcal {C}(g(x))(\xi , \lambda ):=\int _{\mathbb {R}}g(x)e^{-2\pi i \xi x-\pi i \lambda x^2}dx\end {equation*}


$f \in \mathcal {Y}_{\epsilon , \Delta }$


$g \in \mathcal {S}(\mathbb {R})$


$k = 1,2,\cdots , K$


$n=0,1,2,\cdots ,6$


\begin {equation*}\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi \phi _k'''(t)x^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}}\end {equation*}


$D_n>0$


$\tilde {\epsilon }=\epsilon ^{\frac {1}{10}}$


$\epsilon $


$\tilde {\epsilon }$


$(t, \xi , \lambda ) \in M_k$


\begin {equation*}M_k:=\left \{(t, \xi , \lambda ):\left |\xi -\phi _k^{\prime }(t)\right |+\left |\lambda -\phi _k^{\prime \prime }(t)\right |<\Delta \right \},\end {equation*}


$\left |T_f^{(g)}(t, \xi , \lambda )\right |>\tilde {\epsilon }$


$\left |q^0_f(t, \xi , \lambda )\right |>$


$\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}\left |\omega _f^{(g)}(t, \xi , \lambda )-\phi _k^{\prime }(t)\right | \leq \tilde {\epsilon },\end {equation*}


\begin {equation*}\left |\mu _f^{(g)}(t, \xi , \lambda )-\phi _k^{\prime \prime }(t)\right | \leq \tilde {\epsilon },\end {equation*}


\begin {equation*}|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }.\end {equation*}


$\theta ^{(g)}_f$


$k$


$a = \phi '''_k(t)$


$g(x) = e^{-\pi x^2}$


\begin {equation}\label {eq:condition} \begin {aligned} \left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}} \end {aligned}\end {equation}


$n = 0, 1,\cdots ,6$


$a = 0$


$n = 0,\,1,\, 2$


$n = 3, \cdots , 6$


$g(x)$


$y^{2n+1}e^{-y^2}$


$a\neq 0$


$A_n(x): = x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}$


\begin {equation*}\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda ) = \int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} d x\,.\end {equation*}


$A_n(x)$


$a$


$n$


$|(\xi , \lambda )|$


$(\xi , \lambda ) = (\rho \xi _0, \,\rho \lambda _0)$


$\rho $


$(\xi _0, \lambda _0)\in \mathbb {R}^2$


$\rho \to \infty $


$\rho $


$\delta > 0$


$|\lambda _0|> \delta $


$|\lambda _0|\leq \delta $


$|\lambda _0|> \delta $


$K = 2$


\begin {align*}\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\rho \xi _0,\rho \lambda _0)\lesssim \frac {\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1}{\sqrt {\rho |\lambda _0|}} .\end {align*}


$\rho \to \infty $


\begin {align*}(|\xi |+|\lambda |)\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |^2&\lesssim (\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1)^2\frac {|\xi _0|+|\lambda _0|}{|\lambda _0|}\\ &\lesssim (\sup _x\left |A_{n}(x)\right |+\left \|A_{n}^{\prime }\right \|_1)^2(1+\delta ^{-1})\\ &<\infty \,.\end {align*}


$|\lambda _0|\leq \delta $


\begin {align*}\int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} \mathrm {~d} x &= \int _{\mathbb {R}} \frac {1}{-2 \pi i \xi } \frac {d}{d x}\left (A_n(x) e^{-\pi i \lambda x^2}\right ) e^{-2 \pi i \xi x} \mathrm {~d} x\,.\end {align*}


\begin {align*}\bigg |\int _{\mathbb {R}}A_n(x)e^{-2 \pi i \xi x} e^{-\pi i \lambda x^2} \mathrm {~d} x\bigg | &\lesssim |\xi |^{-1}\left (\left \|A_{n}^{\prime }\right \|_1+\pi \left \|x A_{n}(x)\right \|_1\right ),\end {align*}


\begin {align*}(|\xi |+|\lambda |)\left |\mathcal {C}\left (x^{{n}} g(x) e^{i \frac {1}{3}\pi ax^3}\right )(\xi , \lambda )\right |^2&\lesssim (|\xi |+|\lambda |)|\xi |^{-2}\left (\left \|A_{n}^{\prime }\right \|_1+\pi \left \|x A_{n}(x)\right \|_1\right )^2\\ &<\infty \,.\end {align*}


$\sup _x\left |A_{n}(x)\right |$


$\left \|A_{n}^{\prime }(x)\right \|_1$


$\left \|x A_{n}(x)\right \|_1$


$\xi $


$\lambda $


$n$


$a$


$T^{(g)}_f$


$g(x)\in \mathcal {S}(\mathbb {R})$


$f\in {L}^2(\mathbb {R})$


\begin {align}\partial _t T_f^{(g)}&=-T_f^{\left (g^{\prime }\right )}+2 \pi i \xi T_f^{(g)}+2 \pi i \lambda T_f^{(xg)}, \label {Xeqn13}\\ \partial _{t t}^2 T_f^{(g)}&=T_f^{\left (g^{\prime \prime }\right )}-4 \pi i \xi T_f^{\left (g^{\prime }\right )}-2 \pi i \lambda T_f^{\left (xg^{\prime }\right )}+(2 \pi i \xi )^2 T_f^{(g)}\notag \\ &\quad +2(2 \pi i \xi )(2 \pi i \lambda ) T_f^{(xg)}-2 \pi i \lambda T_f^{\left (g+xg^{\prime }\right )}+(2 \pi i \lambda )^2 T_f^{\left (x^2 g\right )}, \label {Xeqn14}\end {align}


\begin {equation}\begin {aligned} \partial _{ttt} T_f^{(g)} =~& -T_f^{(g''')}+i6 \pi \xi T_f^{(g'')}+i6 \pi \lambda T_f^{(xg'')}\\ &+ T_f^{(g')} \left [i6 \pi \lambda -12(i\pi \xi )^2\right ] + T_f^{(xg')} \left [-24 (i \pi \xi )(i \pi \lambda )\right ]\\ &+ T_f^{(g)} \left [8(i \pi \xi )^3-12(\pi i \lambda )(i \pi \xi )\right ] + T_f^{(x^2g')} \left [-12(i \pi \lambda )^2\right ]\\ &+ T_f^{(xg)} \left [24(i \pi \xi )^2(\pi i \lambda )-12(i \pi \lambda )^2\right ] + T_f^{(x^2g)} \left [24(i \pi \lambda )^2(i \pi \xi )\right ]\\ & + T_f^{(x^3g)} \left [8(i \pi \lambda )^3\right ], \end {aligned} \label {Xeqn15}\end {equation}


\begin {equation*}T_f^{(g')},\,T_f^{(xg)},\, T_f^{(g'')},\,T_f^{(xg')},\,T_f^{(x^2g)},\,T_f^{(g''')},\,T_f^{(xg'')},\,T_f^{(x^2g')},\,T_f^{(x^3g)}\end {equation*}


\begin {equation*}\,g'(x),\,xg(x),\,g''(x),\,xg'(x),\,x^2g(x),\,g'''(x),\,xg''(x),\,x^2g'(x),\,x^3g(x).\end {equation*}


\begin {equation}\begin {aligned} \partial _t \left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right )= \dfrac {1}{(T^{(g)}_f)^2}\left [\partial _{tt} T^{(g)}_fT^{(g)}_f-\left (\partial _t T^{(g)}_f\right )^2\right ] \end {aligned} \label {Xeqn16}\end {equation}


\begin {equation}\begin {aligned} \partial _{tt}\left (\dfrac {\partial _t T^{(g)}_f}{T^{(g)}_f}\right ) =~& \dfrac {1}{(T^{(g)}_f)^4}\left [\left (\partial _{ttt}T^{(g)}_f T^{(g)}_f+\partial _{tt}T^{(g)}_f\partial _t T^{(g)}_f-2\partial _tT^{(g)}_f\partial _{tt}T^{(g)}_f\right )(T^{(g)}_f)^2\right .\\ & \left .-2T^{(g)}_f\partial _tT^{(g)}_f\left (\partial _{tt} T^{(g)}_fT^{(g)}_f-\left (\partial _t T^{(g)}_f\right )^2\right )\right ]\, . \end {aligned} \label {Xeqn17}\end {equation}


$q^j_f$


$j=0,1$


\begin {align}q^j_f(t, \xi , \lambda )&=\frac {1}{\left (T^{(g)}_f\right )^2}\left [T^{(x^{j+1}g)}_fT^{(g')}_f-T^{(x^{j+1}g')}_fT^{(g)}_f\right .\notag \\ &\left .\quad +i 2\pi \lambda \left (T^{(x^{j+2}g)}_fT^{(g)}_f-T^{(x^{j+1}g)}_fT^{(xg)}_f\right )\right ], \label {Xeqn18}\\ \partial _t q^j_f(t,\xi , \lambda ) =~& \frac {1}{(T^{(g)}_f)^2}\left [\left (\partial _t T^{(x^{j+1}g)}_fT^{(g')}_f+T^{(x^{j+1}g)}_f\partial _t T^{(g')}_f\right .\right .\notag \\ &\left .\left .-\partial _t T^{(x^{j+1}g')}_fT^{(g)}_f-T^{(x^{j+1}g')}_f\partial _t T^{(g)}_f\right ) \right .\notag \\ &+\left .2\pi i \lambda \left (\partial _t T^{(x^{j+2}g)}_fT^{(g)}_f+T^{(x^{j+2}g)}_f\partial _t T^{(g)}_f\right .\right .\notag \\ &\left .\left .-\partial _t T^{(x^{j+1}g)}_fT^{(xg)}_f-T^{(x^{j+1}g)}_f\partial _t T^{(xg)}_f\right )\right ]\notag \\ &-\frac {2\partial _t T^{(g)}_f}{(T^{(g)}_f)^3}\left [T^{(x^{j+1}g)}_fT^{(g')}_f-T^{(x^{j+1}g')}_fT^{(g)}_f\right .\notag \\ &\left .+2\pi i \lambda \left (T^{(x^{j+2}g)}_fT^{(g)}_f-T^{(x^{j+1}g)}_fT^{(xg)}_f\right )\right ], \label {Xeqn19}\end {align}


$a \in \mathbb {N}$


$b\in \mathbb {N}\cup \{0\}$


\begin {equation}\begin {aligned} \partial _t T^{(x^ag^{(b)})}_f(t,\xi , \lambda ) = -aT^{(x^{a-1}g^{(b)})}_f-T^{(x^ag^{(b+1)})}_f+2\pi i \xi T^{(x^ag^{(b)})}_f+2\pi i \lambda T^{(x^{a+1}g^{(b)})}_f \end {aligned} \label {Xeqn20}\end {equation}


$g_0(t) = e^{-\pi t^2}$


$2$


$3$


$3$


$2$


\begin {equation*}\mathfrak {T}f^{(g)}(t, \xi ):=\int _{-\infty }^{\infty }\left |T_f^{(g)}(t, \xi , \lambda )\right | \mathrm {d} \lambda .\end {equation*}


$t$


$3$


$t$


$2$


$\epsilon $


$\epsilon $


\begin {equation*}x_{2}=\exp \left (i 2 \pi \left (12t + 12\exp (-\frac {1}{2}(t-3)^2)\right )\right ).\end {equation*}


$x_2$


$x_{2}$


$f_{2} = 12- 12(t-3)\exp (-\frac {1}{2}(t-3)^2)$


$|\phi '''(t)|$


$|\phi '''(t)|$


$|\phi '''(t)|$


$0$


$|\phi '''(t)|$


$3{\rm rd}$


$t = 3$


$|\phi '''(t)|$


$x_2$


$3$


$x_2$


$3{\rm rd}$


$2{\rm nd}$


\begin {equation*}\begin {aligned} & x_{11}=\exp \left (i 2 \pi \left (4 t^2\right )\right ) \\ & x_{12}=\exp \left (i 2 \pi \left (-\pi t^2+(24+6 \pi ) t\right )\right ) \\ & x_{1}=x_{11}+x_{12} , \end {aligned}\end {equation*}


$t = 3$


$\xi = 24$


$x_1$


\begin {equation*}\begin {aligned} & x_{31}=\exp \left (i 2 \pi \left (8 (t-2.2)^2\right )\right ), \\ & x_{32}=\exp \left (i 2 \pi \left (-2 \cos \left (\frac {2}{3} \pi (t-2)\right )+13 (t-2)\right )\right ), \\ & x_{3}=x_{31}+x_{32}\,.\vspace *{-6pt} \end {aligned}\end {equation*}


$x_{31}$


$x_{32}$


$f_{31}=16 (t-2.2)$


$f_{32}=\frac {4}{3} \pi \sin \left (\frac {2}{3} \pi (t-2)\right )+13$


$t \approx 3.176$


$\xi \approx 15.67$


$t = 3.176$


$\xi = 15.67$


$x_3$


$t = 3.176$


$\xi = 15.67$


$16$


$-6.83$


$x_{31}$


$x_{32}$


$3{\rm rd}$


$x_3$


$x_3$


$4{\rm th}$


$x_3$


$\theta ^{(g)}_f$


$3{\rm rd}$


\begin {equation*}\begin {aligned} & x_{11}=\exp \left (i 2 \pi \left (4 t^2\right )\right ) \\ & x_{12}=\exp \left (i 2 \pi \left (-\pi t^2+(24+6 \pi ) t\right )\right ) \\ & x_1=x_{11}+x_{12} \end {aligned}\end {equation*}


$x_{11}$


$x_{12}$


$f_{11}=8 t$


$f_{12}=-2 \pi t+(24+6 \pi )$


$\theta ^{(g)}_f(t,\xi ,\lambda )$


$3{\rm rd}$


$t$


$\xi $


$\theta ^{(g)}_f$


$x_1$


$x_4$


\begin {equation*}\begin {aligned} & x_{41}=\exp \left (j 2 \pi \left (\frac {5}{6}t^3-\frac {15}{2}t^2+40t+180\right )\right ), \\ &x_{42} = \exp \left (j 2 \pi \left (-\frac {5}{6}t^3+\frac {15}{2}t^2+\frac {35}{2}t+\frac {5}{6}\right )\right ),\\ &x_{43} = \exp \left (j 2 \pi \left (-\frac {7}{2}t^2+(26+6 \pi ) t-6\pi -\frac {45}{2}\right )\right ), \\ &x_{4} = x_{41}+x_{42}+x_{43}, \end {aligned}\end {equation*}


$x_{41}$


$x_{42}$


$x_{43}$


$f_{41} = \frac {5}{2}t^2-15t+40$


$f_{42}=-\frac {5}{2}t^2+15t+\frac {35}{2}$


$f_{43}=-7t+26+6\pi $


$x_4$


$\mathbf {x}\in \mathbb {C}^n$


$\mathbb {R}^n$


$f_s$


$\mathbf {g}\in \mathbb {C}^{2Q+1}$


$\mathbb {R}^{2Q+1}$


$N\geq 2Q+1$


$\mathbf {T}^{(g)}_x\in \mathbb {C}^{n\times F\times C}$


$F, C$


$\mathbf {t}\in \mathbb {R}^n$


$\mathbf {f}\in \mathbb {R}^F$


$\boldsymbol {\lambda }\in \mathbb {R}^C$


$n\times F\times C$


$\mathbf {T}^{(g)}_x$


$i=1\text {~to~}n$


$k=1\text {~to~}C$


$\mathbf {y}_{a,b}=\mathbf {x}[i-Q:i+Q]\cdot (\mathbf {t}[i-Q:i+Q]-\mathbf {t}_i)^b\cdot \mathbf {g}^{(a)}\cdot \exp \left (-i\pi \boldsymbol {\lambda }_k(\mathbf {t}[i-Q:i+Q]-\mathbf {t}_i)^2\right )$


$\mathbf {Y}^{(x^bg^{(a)})}=dt\cdot \exp (i2\pi \frac {0:(N-1)}{N})\cdot $


$(\mathbf {y}_{a,b}$


$N)\in \mathbb {C}^N$


$\mathbf {Y}^{(x^bg^{(a)})}$


$\triangleright $


$T^{(x^bg^{(a)})}_x(t_i,:,\lambda _k)$


$\boldsymbol {\theta }$


$\boldsymbol {\mu }$


$\boldsymbol {\omega }$


$\boldsymbol {\mu }$


$\boldsymbol {\omega }$


$[1:F]$


$[1:C]$


$j=1\text {~to~}F$


$\mathbf {T}^{(g)}_{x}[i, \var {omegaIdx}[j], \var {muIdx}[j]] += \mathbf {Y}^{(x^bg^{(a)})}[j]$


$x_2$


$(t, \xi , \lambda )$


$k \in \{1, \ldots , K\}$


$\left |\xi -\phi _k^{\prime }(t)\right |+\left |\lambda -\phi _k^{\prime \prime }(t)\right |<\Delta $


$(t, \xi , \lambda ) \in M_k$


$(t, \xi , \lambda ) \notin M_{k}$


\begin {equation*}\left |T_{f_{k}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | \leq \epsilon E_{k, n}(t),\end {equation*}


$E_{k, n}(t):=\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n+1}+\left (D_{n}+\frac {\pi }{12}\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n+4}\right ) A_{k}(t)$


$f_k(x)$


$t$


\begin {align*}f_{k}(x)=& A_{k}(x) e^{2 \pi i \phi _{k}(x)} \\ =&\left (A_{k}(x)-A_{k}(t)\right ) e^{2 \pi i \phi _{k}(x)}\\ &+A_{k}(t) e^{2 \pi i\left [\phi _{k}(t)+\phi _{k}^{\prime }(t)(x-t)+\frac {1}{2} \phi _{k}^{\prime \prime }(t)(x-t)^{2}+\frac {1}{6}\phi _k^{\prime \prime \prime }(t)(x-t)^3\right ]} \\ &+A_{k}(t)\left (e^{2 \pi i \phi _{k}(x)}-e^{2 \pi i\left [\phi _{k}(t)+\phi _{k}^{\prime }(t)(x-t)+\frac {1}{2} \phi _{k}^{\prime \prime }(t)(x-t)^{2}+\frac {1}{6}\phi _k^{\prime \prime \prime }(t)(x-t)^3\right ]}\right )\,.\end {align*}


$f_{k,1}, f_{k,2}, f_{k,3}$


\begin {equation*}I_n = \int _\mathbb {R} |x-t|^n | g(x-t)|dx.\end {equation*}


\begin {align*}\left |T_{f_{k, 1}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | & \leq \int \left |A_{k}(x)-A_{k}(t)\right ||x-t|^{n}|g(x-t)| \mathrm {d} x \\ & \leq \left \|A_{k}^{\prime }\right \|_{L^{\infty }} \int |x-t|^{n+1}|g(x-t)| \mathrm {d} x \\ & \leq \left \|A_{k}^{\prime }\right \|_{L^{\infty }} I_{n+1}\leq \epsilon \left \|\phi _k^\prime \right \|_{L^\infty }I_{n+1}\text {.}\end {align*}


$(t, \xi , \lambda ) \notin M_{k}$


\begin {align*}&\left |T_{f_{k, 2}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right |\\ &=\left |\int _{\mathbb {R}}A_{k}(t)e^{2\pi i \phi _k(t)}(x-t)^n g(x-t)\right .\\ & \quad \times e^{-2\pi i (\xi -\phi _k'(t)) (x-t)-\pi i(\lambda -\phi _k''(t)) (x-t)^2+\frac {1}{3}\pi i\phi _k'''(t) (x-t)^3}dx\bigg | \\ &=A_{k}(t)\left |\mathcal {C}\left (x^{{n}} g(x) e^{\frac {1}{3}\pi i \phi '''(t)x^3}\right )\left (\xi -\phi _{k}^{\prime }(t), \lambda -\phi _{k}^{\prime \prime }(t)\right )\right | \\ & \leq A_{k}(t) D_{n} \epsilon \,\text {,}\end {align*}


\begin {equation*}\left |\mathcal {C}\left (x^{{n}} g(x) e^{\frac {1}{3}\pi i \phi _k'''(t)x^3}\right )(\xi , \lambda )\right |\leq \frac {\sqrt {\Delta }D_n\epsilon }{\sqrt {|\xi |+|\lambda |}}\end {equation*}


$\mathcal {C}(f(x))(\xi , \lambda ):=\int _{\mathbb {R}}f(x)e^{-2\pi i \xi x-\pi i \lambda x^2}dx$


\begin {align*}&\left |T_{f_{k, 3}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right |\\ & \leq A_{k}(t) \int 2\pi \left |\phi _{k}(x)-\sum _{p=0}^3\frac {1}{p!}\phi _{k}^{(p)}(t)(x-t)^p\right ||x-t|^{n}|g(x-t)| \mathrm {d} x \\ & \leq A_{k}(t) \int \frac {2\pi }{4!}\left \|\phi _{k}^{(4)}\right \|_{L^{\infty }}|x-t|^{n+4}|g(x-t)| \mathrm {d} x \\ & \leq \frac {\pi }{12} A_{k}(t)\left \|\phi _{k}^{(4)}\right \|_{L^{\infty }} I_{n+4} \leq \frac {\epsilon \pi }{12}A_k(t)\left \|\phi _k^\prime \right \|_{L^\infty }I_{n+4}\,\text {.}\end {align*}


\begin {equation*}\left |T_{f}^{\left (x^{n} g\right )}(t, \xi , \lambda )-T_{f_{k}}^{\left (x^{n} g\right )}(t, \xi , \lambda )\right | \leq \epsilon \sum _{l\neq k} E_{l, n}(t)\text {.}\end {equation*}


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k \text { where } 1 \leq k \leq K, \text { then }$


\begin {equation*}\left |\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\right | \leq \epsilon B_{k, 1}(t)\end {equation*}


\begin {align*}B_{k,1}(t) &= \left (\sum _{k=1}^{N}\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{0}+\frac {\pi }{3}\left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{3}\right .\\ &\quad +2 \pi \sum _{l \neq k}\left (\phi _{l}^{\prime }(t) E_{l, 0}(t)+\left |\phi _{l}^{\prime \prime }(t)\right | E_{l, 1}(t)+\frac {1}{2}|\phi '''_l(t)|E_{l,2}(t)\right ) \\ &\quad \left .+2 \pi \left (\phi _{k}^{\prime }(t) \sum _{l \neq k} E_{l, 0}(t)+\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} E_{l, 1}(t)+\frac {|\phi '''_k(t)|}{2}\sum _{l\neq k}E_{l,2}(t)\right )\right )\,.\end {align*}


$4{\rm th}$


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k\text { where } 1 \leq k \leq K, \text { then }$


\begin {align*}&\left |\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}\right .\\ &\quad +\left .\left .\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\right )\right | \leq \epsilon B_{k, 2}(t)\end {align*}


\begin {align*}B_{k, 2}(t) &= \Omega +2 \pi \sum _{l \neq k}\bigg (\left |\phi _{l}^{\prime \prime }(t)\right | E_{l, 0}(t)+\left |\phi _{l}^{\prime \prime \prime }(t)\right | E_{l, 1}(t)+\phi _{l}^{\prime }(t) F_{l, 0}(t)\\ &\quad +\left .\left |\phi _{l}^{\prime \prime }(t)\right | F_{l, 1}(t)+\frac {1}{2}\left |\phi '''_l(t)\right |F_{l,2}(t)\right )\\ &\quad +2 \pi \left (\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} E_{l, 0}(t)+\left |\phi _{k}^{\prime \prime \prime }(t)\right | \sum _{l \neq k} E_{l, 1}(t)+\phi _{k}^{\prime }(t) \sum _{l \neq k} F_{l, 0}(t)\right .\\ &\quad +\left .\left |\phi _{k}^{\prime \prime }(t)\right | \sum _{l \neq k} F_{l, 1}(t)+\frac {1}{2}\left |\phi _{k}^{\prime \prime \prime }(t)\right | \sum _{l \neq k} F_{l, 2}(t)\right )\end {align*}


\begin {align*}\Omega &= \sum _{k=1}^{N} \left (\left \|\phi '_{k}\right \|_{L^{\infty }} +2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\right )I_{0}+\pi \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{2}\\ &\quad +\frac {\pi }{3} \left (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\right ) \left \|\phi '_k\right \|_{L^{\infty }} I_{3}\,\text {.}\end {align*}


$n = 1, 2, 3$


\begin {align*}F_{k,n} &= \left (\left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} I_{n}+\frac {\pi }{3}\left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+3}\right )\\ &\quad +2\pi \left (\phi '_k(t)E_{k,n}+|\phi ''_k(t)|E_{k,n+1}+\frac {1}{2}|\phi '''_k(t)|E_{k,n+2}\right )\,.\end {align*}


\begin {equation*}\left |\partial _{t} T_{f}^{(x^2~g)}-\partial _{t} T_{f_{k}}^{(x^2~g)}\right | \leq \epsilon \sum _{l \neq k} F_{l, 2}(t)\,.\end {equation*}


$\text { If }(t, \xi , \lambda ) \in M_{k} \text { for some } k, 1 \leq k \leq K, \text { then }$


\begin {align*}&\left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \left (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f\right .\right .\\ &\left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_f+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\right )\right |<\epsilon B_{k,3}\end {align*}


\begin {align*}B_{k,3} &= \sum _{k=1}^N\bigg ( \left (\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }}\right )I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1 \\ &\quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+ \frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg )\\ &\quad +2\pi \sum _{l\neq k}^N\bigg (\left |\phi '''_l(t)\right |E_{l,0}(t)+2\left |\phi ''_l(t)\right |F_{l,0}(t)+2\left |\phi '''_l(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_l(t)\right |G_{l,0}(t)+\left |\phi ''_l(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_l(t)\right |G_{l,2}(t)\bigg )\\ &\quad +2\pi \sum _{l\neq k}^N\bigg (\left |\phi '''_k(t)\right |E_{l,0}(t)+2\left |\phi ''_k(t)\right |F_{l,0}(t)+2\left |\phi '''_k(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_k(t)\right |G_{l,0}(t)+\left |\phi ''_k(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_k(t)\right |G_{l,2}(t)\bigg )\end {align*}


\begin {align*}\Phi _k =~& \left \|A''_k\right \|_{L^{\infty }}+2\pi \bigg (\left \|A'_k\right \|_{L^{\infty }}\left \|\phi '_k\right \|_{L^{\infty }}+\left \|\phi ''_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}+\left \|\phi '_k\right \|_{L^{\infty }}\left \|A'_k\right \|_{L^{\infty }}\\ &+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\bigg )\end {align*}


\begin {align*}G_{k,n}(t) =~& 2 \pi \bigg (\left |\phi _{k}^{\prime \prime }(t)\right | E_{k, n}(t)+\left |\phi '''_k(t)\right |E_{k, n+1}(t)+\left |\phi _{k}^{\prime }(t)\right | F_{k, n}(t)\\ &+\left |\phi _{k}^{\prime \prime }(t)\right | F_{k, n+1}(t)+\frac {\left |\phi '''_k(t)\right |}{2} F_{k, n+2}(t)\bigg )\\ &+\bigg (\left \|\phi '_{k}\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\bigg )I_{n}+\pi \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &+\frac {\pi }{3} \bigg (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\bigg ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\,.\end {align*}


$f_k(x)= A_k(x)e^{2\pi i \phi _k (x)}$


\begin {align*}f'''_k(x)=& A'''_k(x)e^{2\pi i \phi _k (x)}+A''_k(x)2\pi i\phi '_k(x)e^{2\pi i \phi _k (x)} +2\pi i \phi '''_k(x)f_k(x)\\ &+4\pi i\phi ''_k(x)f'_k(x)+2\pi i\phi _k(x)f''_k(x).\end {align*}


$f_{k,1}, f_{k,2}, \cdots ,f_{k,5}$


\begin {equation*}f(x)=\sum _{k=1}^N f_k(x),\ f'''(x)=\sum _{k=1}^N f_{k,1}(x)+f_{k,2}(x)+\cdots +f_{k,5}(x).\end {equation*}


\begin {equation*}\mathcal {K}(x-t):=e^{-2 \pi i \xi (x-t)-\pi i \lambda (x-t)^{2}},\end {equation*}


\begin {align*}\left |T^{(g)}_{f_{k,1}}\right |=\left |\int A'''_k(x)e^{2\pi i \phi _k (x)}g(x-t)\mathcal {K}(x-t) dx\right |\leq \left \|A'''_k\right \|_{L^{\infty }}I_0\leq \epsilon \left \|\phi '_k\right \|_{L^{\infty }}I_0\end {align*}


\begin {align*}\left |T^{(g)}_{f_{k,2}}\right |&=\left |\int A''_k(x)2\pi i \phi '_k(x)e^{2\pi i \phi _k(x)}g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A''_k\right \|_{L^{\infty }} I_0\\ &\leq 2\pi \epsilon \left \|\phi '_k\right \|^2_{L^{\infty }} I_0,\end {align*}


\begin {align*}\left |T^{(g)}_{f_{k,3}}-2\pi i\phi '''_k(t)T^{(g)}_{f_k}\right |&=2\pi \left |\int \left (\phi '''_k(x)-\phi '''_k(t)\right )f_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\leq 2\pi \epsilon \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1,\end {align*}


\begin {align*}&\left |T^{(g)}_{f_{k,4}}-4\pi i\left (\phi ''_k(t) \partial _t T^{(g)}_{f_k}+\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right )\right |\\ &=4\pi \left |\int \left (\phi ''_k(x)-\phi ''_k(t)-\phi '''(t)(x-t)\right )f'_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq \left |\int \left (\frac {1}{2}\phi ^{(4)}_k(\tau )(x-t)^2\right )f'_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq 2\pi \left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2\\ &\leq 2\pi \epsilon \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2,\end {align*}


\begin {align*}&\left |T^{(g)}_{f_{k,5}}-2\pi i \left (\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k}+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &=2\pi \left |\int \left ( \frac {1}{3!}\phi ^{(4)}_k(\tau )(x-t)^3\right )f''_k(x)g(x-t)\mathcal {K}(x-t)dx\right |\\ &\leq \frac {\pi }{3}\left \|\phi ^{(4)}_k\right \|_{L^{\infty }}\left \|f''_k\right \|_{L^{\infty }}I_3\leq \frac {\pi \epsilon }{3}\left \|\phi '_k\right \|_{L^{\infty }}\left \|f''_k\right \|_{L^{\infty }}I_3\end {align*}


\begin {align*}&\left \|f''_{k}\right \|_{L^{\infty }}\leq \left \|A''_k\right \|_{L^{\infty }}+2\pi \bigg (\left \|A'_k\right \|_{L^{\infty }}\left \|\phi '_k\right \|_{L^{\infty }}+\left \|\phi ''_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\\ &\quad +\left \|\phi '_k\right \|_{L^{\infty }}\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\bigg )=\Phi _k\end {align*}


\begin {align*}&\left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \quad \quad \left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k}+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\bigg )\right |\\ &\leq \epsilon \sum _{k=1}^N \bigg ((\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }})I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\\ &\quad \quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+ \frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg )\,.\end {align*}


\begin {align*}&\bigg |\partial _{t t}^{2} T_{f_k}^{(x^ng)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f_k}^{(x^ng)}+\phi '''_k(t)T^{(x^{n+1}g)}_{f_k}+\phi _{k}^{\prime }(t) \partial _{t} T_{f_k}^{(x^ng)}\\ &\quad \quad \quad +\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f_k}^{(x^{n+1} g)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^{n+2}g)}_{f_k}\bigg ) \bigg |\\ &\leq \epsilon \left (\left \|\phi '_{k}\right \|_{L^{\infty }} +2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\right )I_{n}+\pi \epsilon \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &\quad \quad \quad +\frac {\pi \epsilon }{3} \bigg (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\bigg ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\, \text {.}\end {align*}


$n=0,1,2,3\ldots $


\begin {align*}&\left |\partial _{t t}^{2} T_{f_k}^{(x^ng)} \right |\\ &\leq 2 \pi \epsilon \bigg (\left |\phi _{k}^{\prime \prime }(t)\right | E_{k, n}(t)+\left |\phi '''_k(t)\right |E_{k, n+1}(t)+\left |\phi _{k}^{\prime }(t)\right | F_{k, n}(t)\\ &\quad +\left |\phi _{k}^{\prime \prime }(t)\right | F_{k, n+1}(t)+\frac {\left |\phi '''_k(t)\right |}{2} F_{k, n+2}(t)\bigg )\\ &\quad +\epsilon \bigg (\left \|\phi '_{k}\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|^2_{L^{\infty }}\bigg )I_{n}+\pi \epsilon \left \|\phi '_{k}\right \|_{L^{\infty }}\left \|A_{k}\right \|_{L^{\infty }} I_{n+2}\\ &\quad +\frac {\pi \epsilon }{3} \left (\left \|A_{k}^{\prime }\right \|_{L^{\infty }}+2 \pi \left \|\phi _{k}^{\prime }\right \|_{L^{\infty }} \left \|A_{k}\right \|_{L^{\infty }}\right ) \left \|\phi '_k\right \|_{L^{\infty }} I_{n+3}\\ &= \epsilon G_{k,n}(t)\,.\end {align*}


$n=0,1,2,3\ldots $


\begin {align*}\left |\partial _{tt}^2 T_{f}^{(x^ng)}-\partial _{tt}^2 T_{f_{k}}^{(x^ng)}\right | \leq \epsilon \sum _{l \neq k} G_{l, n}(t).\end {align*}


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad \bigg |\partial ^3_{ttt}T^{(g)}_f-2\pi i \bigg (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f+\phi '_k(t)\partial ^2_{tt}T^{(g)}_f\\ &\quad +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\bigg )\bigg |\\ &\leq \left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k} +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &\quad +\left |2\pi i\sum _{l\neq k}^N\bigg (\phi '''_l(t)T^{(g)}_{f_l}+2\phi ''_l(t)\partial _t T^{(g)}_{f_l}+2\phi '''_l(t)\partial _t T^{(xg)}_{f_l}+\phi '_l(t)\partial ^2_{tt}T^{(g)}_{f_l}\right .\\ &\quad +\phi ''_l(t)\partial ^2_{tt}T^{(xg)}_{f_l} \left .\left .+\frac {1}{2}\phi '''_l(t)\partial ^2_{tt}T^{(x^2g)}_{f_l}\right )\right |\\ &\quad +\bigg |2\pi i \left (\phi '''_k(t)\left (T^{(g)}_f-T^{(g)}_{f_k}\right )+2\phi ''_k(t)\left (\partial _t T^{(g)}_f-\partial _t T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+2\phi '''_k(t)\left (\partial _t T^{(xg)}_f-\partial _t T^{(xg)}_{f_k}\right )+\phi '_k(t)\left (\partial ^2_{tt}T^{(g)}_f-\partial ^2_{tt}T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+\phi ''_k(t)\left (\partial ^2_{tt}T^{(xg)}_f-\partial ^2_{tt}T^{(xg)}_{f_k}\right )+\frac {1}{2}\phi '''_k(t)\left (\partial ^2_{tt}T^{(x^2g)}_f-\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\bigg )\right | \\ & := J_1+J_2+J_3\end {align*}


\begin {align*}J_1&= \left |\partial ^3_{ttt}T^{(g)}_f-2\pi i \sum _{k=1}^N\bigg (\phi '''_k(t)T^{(g)}_{f_k}+2\phi ''_k(t)\partial _t T^{(g)}_{f_k}+2\phi '''_k(t)\partial _t T^{(xg)}_{f_k}\right .\\ &\quad \left .\left .+\phi '_k(t)\partial ^2_{tt}T^{(g)}_{f_k} +\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_{f_k}+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\right |\\ &\leq \epsilon \sum _{k=1}^N\bigg ( \left (\left \|\phi '_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|^2_{L^{\infty }}\right )I_0+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}I_1\\ &\quad \quad +2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left (\left \|A'_k\right \|_{L^{\infty }}+2\pi \left \|\phi '_k\right \|_{L^{\infty }}\left \|A_k\right \|_{L^{\infty }}\right )I_2+\frac {\pi }{3}\left \|\phi '_k\right \|_{L^{\infty }}\Phi _kI_3\bigg ),\\ J_2& = \left |2\pi i\sum _{l\neq k}^N\bigg (\phi '''_l(t)T^{(g)}_{f_l}+2\phi ''_l(t)\partial _t T^{(g)}_{f_l}+2\phi '''_l(t)\partial _t T^{(xg)}_{f_l}+\phi '_l(t)\partial ^2_{tt}T^{(g)}_{f_l}\right .\\ &\quad +\phi ''_l(t)\partial ^2_{tt}T^{(xg)}_{f_l} \left .\left .+\frac {1}{2}\phi '''_l(t)\partial ^2_{tt}T^{(x^2g)}_{f_l}\right )\right |\\ &\leq 2\pi \epsilon \sum _{l\neq k}^N\bigg (\left |\phi '''_l(t)\right |E_{l,0}(t)+2\left |\phi ''_l(t)\right |F_{l,0}(t)+2\left |\phi '''_l(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_l(t)\right |G_{l,0}(t)+\left |\phi ''_l(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_l(t)\right |G_{l,2}(t)\bigg ),\end {align*}


\begin {align*}J_3& = \bigg |2\pi i \left (\phi '''_k(t)\left (T^{(g)}_f-T^{(g)}_{f_k}\right )+2\phi ''_k(t)\left (\partial _t T^{(g)}_f-\partial _t T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+2\phi '''_k(t)\left (\partial _t T^{(xg)}_f-\partial _t T^{(xg)}_{f_k}\right )+\phi '_k(t)\left (\partial ^2_{tt}T^{(g)}_f-\partial ^2_{tt}T^{(g)}_{f_k}\right )\right .\\ &\quad \left .+\phi ''_k(t)\left (\partial ^2_{tt}T^{(xg)}_f-\partial ^2_{tt}T^{(xg)}_{f_k}\right )+\frac {1}{2}\phi '''_k(t)\left (\partial ^2_{tt}T^{(x^2g)}_f-\partial ^2_{tt}T^{(x^2g)}_{f_k}\right )\bigg )\right | \\ &\leq 2\pi \epsilon \sum _{l\neq k}^N\bigg (\left |\phi '''_k(t)\right |E_{l,0}(t)+2\left |\phi ''_k(t)\right |F_{l,0}(t)+2\left |\phi '''_k(t)\right |F_{l,1}(t)\\ &\quad +\left |\phi '_k(t)\right |G_{l,0}(t)+\left |\phi ''_k(t)\right |G_{l,1}(t) +\frac {1}{2}\left |\phi '''_k(t)\right |G_{l,2}(t)\bigg )\,.\end {align*}


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


\begin {equation*}Q = 2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )=2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\end {equation*}


\begin {equation*}N = \partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right ),\end {equation*}


\begin {align*}&|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)|\\ &=\left |\phi _k^{\prime \prime \prime }(t) - \frac {1}{\pi i}\partial _t\left ( \frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right ) }{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )} \right )\left [2+\partial _t\left (\frac {2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )}{1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )}\right )\right ]^{-1} \right |\\ &=\dfrac {1}{\pi |Q|}\left |N - \pi i Q \phi '''_k(t)\right |.\end {align*}


$q^0_f = 1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )$


\begin {equation*}(T^{(g)}_f)^2q^0_f = \left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )\end {equation*}


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad \pi |Q|\bigg |\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)\bigg |\\ =& \bigg | \frac {1}{T^{(g)}_f q^0_f} \bigg [\partial ^3_{ttt}T^{(g)}_f-2\pi i \bigg (\phi '''_k(t)T^{(g)}_f+2\phi ''_k(t)\partial _t T^{(g)}_f+2\phi '''_k(t)\partial _t T^{(xg)}_f\\ &\quad +\phi '_k(t)\partial ^2_{tt}T^{(g)}_f+\phi ''_k(t)\partial ^2_{tt}T^{(xg)}_f+\frac {1}{2}\phi '''_k(t)\partial ^2_{tt}T^{(x^2g)}_f\bigg )\bigg ]\\ &\quad +\frac {1}{(T^{(g)}_f)^3(q^0_f)^2}\bigg [\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}\\ &\quad +\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]\\ &\quad \times \bigg (T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f-T^{(g)}_f\bigg (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\bigg )\\ &\quad -\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]\partial _t T^{(xg)}_f\bigg )\\ &\quad -\frac {1}{(T^{(g)}_f)^3(q^0_f)^2}\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]\\ &\quad \times \bigg (\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _t T^{(xg)}_f\right ) -\partial _t T^{(g)}_f\partial ^2_{tt}T^{(xg)}_f-2(\partial _t T^{(g)}_f)^2\\ &\quad -\bigg [\partial _{t t}^{2} T_{f}^{(g)}-2 \pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}\\ &\quad +\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]\left (T^{(g)}_f+\partial _t T^{(xg)}_f\right )\bigg )\bigg |\,.\end {align*}


\begin {align*}&\quad \pi |Q|\bigg |\theta _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime \prime }(t)\bigg |\\ &\leq \frac {\epsilon B_{k,3}}{|T^{(g)}_f q^0_f|}\\ &\quad +\frac {\epsilon B_{k,2}\left (\left |T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f\right |+\epsilon B_{k,1}\left |\partial _t T^{(xg)}_f\right |+\left |T^{(g)}_f\left (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\right )\right |\right )}{|T^{(g)}_f|^3(q^0_f)^2}\\ &\quad +\frac {\epsilon B_{k,1}\bigg (\left |\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |+\left |\partial _tT^{(g)}_f\partial ^2_{tt}T^{(xg)}_f\right |+2(\partial _tT^{(g)}_f)^2}{|T^{(g)}_f|^3(q^0_f)^2}\\ &\quad \frac {+\epsilon B_{k,2}\left |\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |\bigg )}{|T^{(g)}_f|^3(q^0_f)^2}\,.\end {align*}


$B_{k, n}(t),\left |\partial ^2_{tt} T_f^{(x^ng)}\right |, \left |\partial _t T_f^{(x^ng)}\right |$


$\left |T_f^{(x^ng)}\right |$


$\left |q^0_f\right |$


$\epsilon $


$k \in \{1, \ldots , K\}$


$(t, \xi , \lambda ) \in M_k$


\begin {equation*}\left [\begin {aligned} &\quad (T^{(g)})^2|q^0_f|B_{k,3}\\ &+B_{k,2}\left (\left |T^{(xg)}_f\partial ^2_{tt} T^{(g)}_f\right |+\epsilon B_{k,1}\left |\partial _t T^{(xg)}_f\right |+\left |T^{(g)}_f\left (2\partial _t T^{(g)}_f-\partial ^2_{tt}T^{(xg)}_f\right )\right |\right )\\ &+B_{k,1}\bigg (\left |\partial ^2_{tt}T^{(g)}_f\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |+\left |\partial _tT^{(g)}_f\partial ^2_{tt}T^{(xg)}_f\right |+2(\partial _tT^{(g)}_f)^2\\ &\hspace {1cm}+\epsilon B_{k,2}\left |\left (T^{(g)}_f+\partial _tT^{(xg)}_f\right )\right |\bigg ) \end {aligned}\right ]^{-1} \geq \tilde {\epsilon }^{3},\end {equation*}


$|\theta _f^{(g)}(t,\xi ,\lambda ) - \phi '''_k(t)| \leq \tilde {\epsilon }$


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\mu _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime }(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\left |\mu ^{(g)}_f(t, \xi , \lambda )-\phi ''_k(t)\right |\\ &=\left |\frac {\partial _t \left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\pi i \theta ^{(g)}_f(t, \xi , \lambda )\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left (1+\partial _t\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )\right )}-\phi ''_k(t)\right | \\ &=\left |\frac {T^{(g)}_f\bigg [\partial ^2_{tt}T^{(g)}_f-2\pi i\bigg (\phi _{k}^{\prime \prime }(t) T_{f}^{(g)}+\phi '''_k(t)T^{(xg)}_f+\phi _{k}^{\prime }(t) \partial _{t} T_{f}^{(g)}}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right .\\ &\quad +\frac {\phi _{k}^{\prime \prime }(t) \partial _{t} T_{f}^{(xg)}+\frac {1}{2}\phi '''_k(t)\partial _t T^{(x^2g)}_f\bigg )\bigg ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\\ &\quad \left .-\frac {\partial _t T^{(g)}_f\left [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\right ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right .\\ &\quad +\left .\frac {\pi i \left (\phi '''_k(t)-\theta ^{(g)}_f\right )\left (T^{(g)}_f\right )^2\left [2\frac {T^{(xg)}_f}{T^{(g)}_f}+\partial _t\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right )\right ]}{2\pi i\left ((T^{(g)}_f)^2+\partial _t T^{(xg)}_f T^{(g)}_f-T^{(xg)}_f\partial _t T^{(g)}_f\right )}\right |\\ &\leq \frac {\epsilon }{2\pi |T^{(g)}_fq^0_f|}B_{k,2}+\frac {\epsilon }{2\pi (T^{(g)}_f)^2|q^0_f|}B_{k,1}\left |\partial _t T^{(g)}_f\right | +\frac {\epsilon }{2 |q^0_f|}\left |q^1_f\right |,\end {align*}


$\left |q^1_f\right |$


$|\mu _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime \prime }(t)| \leq \tilde {\epsilon }$


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


$\left |T_f^{(g)}(t,\xi ,\lambda )\right | > \tilde {\epsilon }$


$\left |q^0_f(t,\xi ,\lambda )\right |>\tilde {\epsilon }$


$\pi \left |2+\partial _t\left (\dfrac {q^1_f}{q^0_f}\right )\right |>\tilde {\epsilon }$


\begin {equation*}|\omega _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime }(t)| \leq \tilde {\epsilon }\end {equation*}


$\epsilon $


$(t, \xi , \lambda ) \in M_k$


\begin {align*}&\quad |\omega ^{(g)}_f(t, \xi , \lambda )-\phi ^\prime _k(t)|\\ &=\left |\frac {1}{2\pi i}\left (\frac {\partial _t T^{(g)}_f }{T^{(g)}_f }\right )-\mu ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(xg)}_f}{T^{(g)}_f}\right )-\frac {1}{2}\theta ^{(g)}_f(t, \xi , \lambda )\left (\frac {T^{(x^2g)}_f}{T^{(g)}_f}\right ) - \phi ^\prime _k(t)\right |\\ &=\left |\frac {\partial _t T_f^{(g)} - 2\pi i\mu ^{(g)}_f(t, \xi , \lambda )T_f^{(xg)} - \pi i\theta ^{(g)}_f(t, \xi , \lambda )T_f^{(x^2g)} - 2\pi i\phi ^\prime _k(t)T_f^{(g)}}{2\pi i T_f^{(g)}}\right |\\ &=\bigg |\frac {\bigg [\partial _{t} T_{f}^{(g)}-2 \pi i\left (\phi _{k}^{\prime }(t) T_{f}^{(g)}+\phi _{k}^{\prime \prime }(t) T_{f}^{(xg)}+\frac {\phi '''_k(t)}{2}T^{(x^2g)}_f\right )\bigg ]}{2\pi i T_f^{(g)}}\\ &\quad +\frac {(\phi ^{\prime \prime }_k(t)- \mu _f^{(g)}(t,\xi ,\lambda ))T_f^{(xg)}}{T_f^{(g)}} +\frac {(\phi ^{\prime \prime \prime }_k(t)- \theta _f^{(g)}(t,\xi ,\lambda ))T_f^{(x^2g)}}{2T_f^{(g)}}\bigg |\\ &\leq \frac {\epsilon }{2\pi |T_f^{(g)}|}B_{k,1}+\frac {\epsilon }{|T_f^{(g)}|}\left |T_{f}^{(xg)}\right |+\frac {\epsilon }{2|T_f^{(g)}|}\left |T_f^{(x^2g)}\right |\,.\end {align*}


$|\omega _f^{(g)}(t,\xi ,\lambda ) - \phi _k^{\prime }(t)| \leq \tilde {\epsilon }$


$\epsilon $
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where 𝐴𝑘(𝑡) is the non-negative function which is known as the amplitude function and 𝜙𝑘(𝑡) is the phase function with 𝜙′
𝑘(𝑡) > 0, 

then STFT requires that, for any 𝑘 ≠ 𝑗, one should have ||
|

𝜙′
𝑘(𝑡) − 𝜙′

𝑗 (𝑡)
|

|

|

≥ Δ for some constant Δ depending on the resolution [6] and 
for all 𝑡. This condition is understandable from the spectrogram graph since Δ stands for the gap between the bright bands [5,7]. The 
FSST [8] or its higher order version (VSST, FSSTn) [9,10] can improve the resolution of the time-frequency representation. However, 
they still require the separation condition to make the approximate reconstruction formula feasible [11]. In most conditions, the 
signal does not satisfy the separation condition and its time-frequency (TF) analysis will be very challenging. Due to the overlapping 
instantaneous frequency (IF) problem, we consider the 3 dimensional time-frequency-chirp (TFC) representation when the modes 
have different chirp rates at the crossing points of the IF. With this technique, two crossing IFs in the TFC space are curved vertically 
and no longer overlap in the space [12–14]. For other related and interesting methodologies and results, one can look at the paper 
[15–18], and the references contained therein.

In this paper, we try to extend the method in [19] to signals containing strong chirp modulation. The synchrosqueezed chirplet 
transform (SCT) proposed by Chen and Wu weakens the constraint of signal decomposition. In [19], the target signal should satisfy 
|

|

|

𝜙′
𝑘(𝑡) − 𝜙′

𝑙(𝑡)
|

|

|

+ |

|

|

𝜙′′
𝑘 (𝑡) − 𝜙′′

𝑙 (𝑡)
|

|

|

≥ 2Δ for all 𝑘 ≠ 𝑙 and each term 𝑓𝑘(𝑡) = 𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡) is an 𝜖–intrinsic chirp type (𝜖–ICT) function, i.e., 
it is “similar” to a chirp function for all 𝑘. In other words, they assume that 𝜙′′′

𝑘 (𝑡) are negligible, but, in many cases, the signals 
contain higher-order chirp modulation, which makes the reassignment ingredients used in [19] biased. This work proposes to give 
the third-order estimation of the phase function to adjust the estimator we use in the synchrosqueezing transform and improve the 
performance of the existing SCT with the new ingredients.

The outline of the paper is as follows: in Section 2, we recall some definitions and notations commonly used in TF analysis. We 
then present our proposed method and some properties in Section 3. In Section 4, we provide some numerical analysis of the synthetic 
data with our new method and compare the results with the SCT.

2.  Preliminary: Background of the SST and the SCT

In the beginning, we intuitively define the AM-FM multi-component signal (MCS) as the superposition of the AM-FM signal as 
follows, which will be intensively studied later,

𝑓 (𝑡) =
𝐾
∑

𝑘=1
𝑓𝑘(𝑡) =

𝐾
∑

𝑘=1
𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡) (2)

where 𝐾 ∈ ℕ is a known number from background knowledge. Each 𝑓𝑘(𝑡) is called a mode. Such a signal is completely described by 
the ideal TF representation.

Definition 1  (Ideal Time-Frequency (TF) Representation).  Fixed an AM-FM multi-component signal 𝑓 (𝑡) = ∑𝐾
𝑘=1 𝑓𝑘(𝑡) =

∑𝐾
𝑘=1 𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡) , the ideal TF representation of 𝑓 (𝑡) is given by

TI𝑓 (𝑡, 𝜔) =
𝐾
∑

𝑘=1
𝐴𝑘(𝑡)𝛿(𝜔 − 𝜙′

𝑘(𝑡)) (3)

where 𝛿 denotes the Dirac distribution. 

Definition 2  (Short time Fourier transform (STFT)).  Given a signal 𝑓 ∈ 𝐿2(ℝ) and a window function 𝑔 ∈ (ℝ), where the (ℝ) is 
the Schwartz function on ℝ, the modified STFT of 𝑓 is defined by

𝑉 (𝑔)
𝑓 (𝑡, 𝜉) = ∫ℝ

𝑓 (𝑥)𝑔∗(𝑥 − 𝑡)𝑒−2𝜋𝑖𝜉(𝑥−𝑡)𝑑𝑥 (4)

where 𝑔∗ is the complex conjugate of 𝑔 and |𝑉 (𝑔)
𝑓 (𝑡, 𝜉)|2 is the spectrogram. 

The key idea of synchrosqueezing is to sharpen the blurred TF distribution by using some instantaneous frequency estimator to 
reassign the value at time 𝑡 and frequency 𝜉 vertically. The STFT-Based SST (FSST) [11] is defined by

𝑇 𝑔,𝛾
𝑓 (𝑡, 𝜔) = 1

𝑔∗(0) ∫{𝜉∶|𝑉 (𝑔)
𝑓 (𝑡,𝜉)|>𝛾}

𝑉 (𝑔)
𝑓 (𝑡, 𝜉)𝛿(𝜔 − 𝜔̂𝑓 (𝑡, 𝜉))𝑑𝜉 (5)

where 𝜔̃𝑓 (𝑡, 𝜉) =
1
2𝜋𝑖

𝜕𝑡𝑉
(𝑔)
𝑓 (𝑡,𝜉)

𝑉 (𝑔)
𝑓 (𝑡,𝜉)

 and 𝜔̂𝑓 (𝑡, 𝜉) ∶= 𝑅𝑒
(

𝜔̃𝑓 (𝑡, 𝜉)
)

. 𝜔̃𝑓 (𝑡, 𝜉) is often called the first order modulation-based ridge detector which 
is used to estimate the first derivative of phase function.

Definition 3  (The second-order synchrosqueezing transform (VSST)).  Set 𝑓 ∈ 𝐿2(ℝ), define

𝑡𝑓 (𝑡, 𝜉) = 𝑡 −
𝜕𝜂𝑉

(𝑔)
𝑓 (𝑡, 𝜉)

𝑖2𝜋𝑉 (𝑔)
𝑓 (𝑡, 𝜉)

. 
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When 𝑉 (𝑔)
𝑓 (𝑡, 𝜉) ≠ 0 and 𝜕𝑡

(

𝜕𝜂𝑉
(𝑔)
𝑓 (𝑡,𝜉)

𝑉 (𝑔)
𝑓 (𝑡,𝜉)

)

≠ 𝑖2𝜋 ,we also define

𝑞𝑓 (𝑡, 𝜉) =
𝜕𝑡𝜔̃𝑓 (𝑡, 𝜉)
𝜕𝑡𝑡𝑓 (𝑡, 𝜉)

=

𝜕𝑡

(

𝜕𝑡𝑉
(𝑔)
𝑓 (𝑡,𝜉)

𝑉 (𝑔)
𝑓 (𝑡,𝜉)

)

𝑖2𝜋 − 𝜕𝑡

(

𝜕𝜂𝑉
(𝑔)
𝑓 (𝑡,𝜉)

𝑉 (𝑔)
𝑓 (𝑡,𝜉)

)

The second-order synchrosqueezing transform (VSST) [9] is further defined by

𝑇 𝑔,𝛾
𝑓 (𝑡, 𝜔) = 1

𝑔∗(0) ∫{𝜉∶|𝑉 (𝑔)
𝑓 (𝑡,𝜉)|>𝛾}

𝑉 (𝑔)
𝑓 (𝑡, 𝜉)𝛿(𝜔 − 𝜔̂(2)

𝑓 (𝑡, 𝜉))𝑑𝜉

where

𝜔̃(2)
𝑓 (𝑡, 𝜉) =

{

𝜔̃𝑓 (𝑡, 𝜉) + 𝑞𝑓 (𝑡, 𝜉)
(

𝑡 − 𝑡𝑓 (𝑡, 𝜉)
)  if 𝜕𝑡𝑡𝑓 (𝑡, 𝜉) ≠ 0

𝜔̃𝑓 (𝑡, 𝜉)  otherwise 

and 𝜔̂[2]
𝑓 (𝑡, 𝜉) = 𝑅𝑒

(

𝜔̃(2)
𝑓 (𝑡, 𝜉)

)

. 

It was shown in [9] that 𝑅𝑒{𝑞𝑡,𝑓 (𝑡, 𝜂)
}

= 𝜙′′(𝑡) when 𝑓 (𝑡) = 𝐴(𝑡)𝑒𝑖2𝜋𝜙(𝑡) where both log(𝐴(𝑡)) and 𝜙(𝑡) are quadratic. Also, 𝑅𝑒
{

𝜔̃(2)
𝑡,𝑓 (𝑡, 𝜂)

}

 is 
an exact estimation of 𝜙′(𝑡) for this kind of signals. With the thinking of the Taylor expansion, one can always pursue the higher-order 
estimation, but the 2-dimensional version is not enough for the overlapping instantaneous frequencies.

Here, we start to add the information in the chirp axis. We introduce a technique to extract more information, not only in the TF 
plane but also in the time-frequency-chirp (TFC) space. Like the 2-dimensional case, the ideal TFC representation in the 3-dimensional 
space can also completely describe a signal. Fixed an AM-FM multi-component signal 𝑓 (𝑡) = ∑𝐾

𝑘=1 𝑓𝑘(𝑡) =
∑𝐾

𝑘=1 𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡), the ideal 
TFC representation in the TFC space of 𝑓 (𝑡) is given by

TI𝑓 (𝑡, 𝜉, 𝜆) =
𝐾
∑

𝑘=1
𝐴𝑘(𝑡)𝛿(𝜉 − 𝜙′

𝑘(𝑡))𝛿(𝜆 − 𝜙′′
𝑘 (𝑡))

where 𝛿 denotes the Dirac distribution.

Definition 4  (Chirplet transforms (CT) [12,13]). The chirplet transform of 𝑓 ∈ 𝐿2(ℝ) given a window function 𝑔 ∈ (ℝ) at (𝑡, 𝜉, 𝜆) is 
defined as

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆) = ∫ℝ

𝑓 (𝑥)𝑔∗(𝑥 − 𝑡)𝑒−𝑖2𝜋𝜉(𝑥−𝑡)−𝑖𝜋𝜆(𝑥−𝑡)
2
𝑑𝑥

where 𝑡 ∈ ℝ is time, 𝜉 ∈ ℝ means frequency, and 𝜆 ∈ ℝ indicates the chirp rate. Since 𝑔 is Schwartz, 𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆) is well defined at each 

(𝑡, 𝜉, 𝜆), and it is a complex function on the TFC domain. 
We adopted Lemma 1 in [19] which sets 𝑓 (𝑥) = 𝑒𝑖2𝜋𝜉0+𝑖𝜋𝜆0𝑥2 . In this case, the regularity of 𝑇 (𝑔)

𝑓 (𝑡, 𝜉, 𝜆) is about 1
√

|𝜆0−𝜆|
 as 𝜉 is sufficient 

close to 𝜉0 + 𝜆0𝑡. Since the regularity is poor and decays slowly with 𝜆, it is reasonable to apply the synchrosqueezing transform to 
make the energy of 𝑇 (𝑔)

𝑓 (𝑡, 𝜉, 𝜆) more concentrated [20].

Definition 5  (Synchrosqueezed Chirplet Transform (SCT) [19]). Take 𝑓 ∈ 𝐿2(ℝ) as the input and 𝑔 ∈ 𝑆(ℝ) as the window. For a 
small 𝛼 > 0, define the synchrosqueezed chirplet transform (SCT) with resolution 𝛼 as 

𝑆(𝑔,𝛼)
𝑓 (𝑡, 𝜉, 𝜆) ∶= ∬ℝ2

𝑇 (𝑔)
𝑓 (𝑡, 𝜂, 𝛾)ℎ𝛼(𝜉 − 𝜔(𝑔)

𝑓 (𝑡, 𝜂, 𝛾))ℎ𝛼(𝜆 − 𝜇(𝑔)
𝑓 (𝑡, 𝜂, 𝛾))d𝜂d𝛾

where 𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) and 𝜔(𝑔)

𝑓 (𝑡, 𝜉, 𝜆) are defined as

𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) =

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

2𝜋𝑖

(

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)) ,

𝜔(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) = 1

2𝜋𝑖

⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

and ℎ𝛼 is an “approximate 𝛿-function” (i.e. ℎ(𝑥) is smooth, ∫ℝ ℎ(𝑥)𝑑𝑥 = 1 and ℎ𝛼(𝑥) ∶= 1
𝛼 ℎ(

𝑥
𝛼 )). 
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3.  Proposed method

Note that the SCT in Definition 5 can estimate the 2nd order derivative of the phase function. Now, we try to perform higher-order 
estimation. We intend to find the estimation of the first three derivatives of the phase function 𝜙(𝑡). Assume that the signal 𝑓 (𝑡) is of 
the polynomial phase function form, i.e., 

𝑓 (𝑥) = exp (2𝜋𝑖(
𝜃0
3!

𝑥3 +
𝜇0
2!

𝑥2 + 𝜔0𝑥)),

where

𝜙(𝑥) =
𝜃0
3!

𝑥3 +
𝜇0
2!

𝑥2 + 𝜔0𝑥

= 𝜙(𝑡) +
𝜙′(𝑡)
1!

(𝑥 − 𝑡) +
𝜙′′(𝑡)
2!

(𝑥 − 𝑡)2 +
𝜙′′′(𝑡)
3!

(𝑥 − 𝑡)3.
(6)

It is worth to notice that 𝜕𝑡𝑇 (𝑔)
𝑓 = 𝑇 (𝑔)

𝑓 ′  and 𝑓 ′(𝑡) = 2𝜋𝑖𝜙′(𝑡)𝑓 (𝑡). Therefore, from (6), we have

𝑓 ′(𝑥) = 2𝜋𝑖𝜙′(𝑥)𝑓 (𝑥)

= 2𝜋𝑖
[

𝜙′(𝑡) +
𝜙′′(𝑡)
1!

(𝑥 − 𝑡) +
𝜙′′′(𝑡)
2!

(𝑥 − 𝑡)2
]

𝑓 (𝑥),
(7)

which lead to

𝜕𝑡𝑇
(𝑔)
𝑓 = 𝑖2𝜋

[

𝜙′(𝑡)𝑇 (𝑔)
𝑓 +

𝜙′′(𝑡)
1!

𝑇 (𝑥𝑔)
𝑓 +

𝜙′′′(𝑡)
2!

𝑇 (𝑥2𝑔)
𝑓

]

= 𝑖2𝜋
(

[𝜔0 + 𝜇0𝑡 +
𝜃0
2!

𝑡2]𝑇 (𝑔)
𝑓 +

[

𝜇0 + 𝜃0𝑡
]

𝑇 (𝑥𝑔)
𝑓 + 1

2
𝜃0𝑇

(

𝑥2𝑔
)

𝑓

)

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

= 𝜕𝑡
⎛

⎜

⎜

⎝

2𝜋𝑖[𝜔0 + 𝜇0𝑡 +
𝜃0
2!

𝑡2] + 𝑖2𝜋
[

𝜇0 + 𝜃0𝑡
]

⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

+𝜋𝑖𝜃0
⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

= 𝑖2𝜋
[

𝜇0 + 𝜃0𝑡
]

+ 𝑖2𝜋𝜃0
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 2𝜋𝑖
[

𝜇0 + 𝜃0𝑡
]

𝜕𝑡
⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

+ 𝜋𝑖𝜃0𝜕𝑡
⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

,

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

) = 𝑖2𝜋
[

𝜇0 + 𝜃0𝑡
]

+
𝑖𝜋𝜃0

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎡

⎢

⎢

⎣

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡
⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

.

(8)

Take the derivative one more time and move the extra item to the same side, we can get 𝜃0 as follows: 

𝜃0 = 𝜙′′′(𝑡) = 1
𝜋𝑖

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 + 𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎥

⎦

−1

.

The rest terms are 

𝜇0 + 𝜃0𝑡 = 𝜙′′(𝑡) =

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

− 𝜋𝑖𝜃0

[

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)]

2𝜋𝑖

(

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

))

and

𝜔0 + 𝜇0𝑡 +
𝜃0
2
𝑡2 = 𝜙′(𝑡) = 1

2𝜋𝑖

⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− (𝜇0 + 𝜃0𝑡)
⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠
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− 1
2
𝜃0
⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

.

To simplify the symbols, we observe that 𝜙(𝑥) is merely an analytic function and can be expressed as 𝜙(𝑥) = ∑∞
𝑛=0 𝜙

(𝑛)(𝑡) (𝑥−𝑡)
𝑛

𝑛! . There-
fore, after some calculation, 

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

=
∞
∑

𝑗=0
2𝜋𝑖𝜙(𝑗+2)(𝑡) 1

(𝑗 + 1)!

⎡

⎢

⎢

⎣

(𝑗 + 1)
𝑇 (𝑥𝑗𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡
⎛

⎜

⎜

⎝

𝑇 (𝑥𝑗+1𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

. (9)

Definition 6  (The 𝑗𝑡ℎ q-operator). Given a representation 𝑇 (𝑔)
𝑓  with the window function 𝑔(𝑥) ∈ (ℝ) and the target signal 𝑓 ∈ 𝐿2(ℝ), 

define the 𝑗𝑡ℎ q-operator by

𝑞(𝑔)𝑓,𝑗 (𝑡, 𝜉, 𝜆) = 𝑞𝑗𝑓 (𝑡, 𝜉, 𝜆) ∶= (𝑗 + 1)
𝑇 (𝑥𝑗𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡
⎛

⎜

⎜

⎝

𝑇 (𝑥𝑗+1𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

.

With Definition 6, for 𝑗 = 0, 1, one can rewrite the reassignment ingredients as

𝜃0 =

1
𝜋𝑖

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

𝑞0𝑓

⎞

⎟

⎟

⎟

⎟

⎟

⎠

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)
,

𝜇0 + 𝜃0𝑡 =
1
2𝜋𝑖

(

2𝑞0𝑓 + 𝜕𝑡𝑞1𝑓
)

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜕2𝑡𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

𝑞1𝑓

2
(

𝑞0𝑓
)2

+ 𝜕𝑡𝑞1𝑓 𝑞
0
𝑓 − 𝑞1𝑓 𝜕𝑡𝑞

0
𝑓

.

Take 𝑓 ∈ 𝐿2(ℝ) and 𝑔 ∈ 𝑆(ℝ) as the window. For a representation 𝑇 (𝑔)
𝑓 , 𝑇 (𝑥𝑔)

𝑓  and 𝑇 (𝑥2𝑔)
𝑓 , define

𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) =

1
𝜋𝑖

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

𝑞0𝑓

⎞

⎟

⎟

⎟

⎟

⎟

⎠

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)
, (10)

𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) ∶= 1

2𝜋𝑖

(

2𝑞0𝑓 + 𝜕𝑡𝑞1𝑓
)

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜕2𝑡𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

𝑞1𝑓

2
(

𝑞0𝑓
)2

+ 𝜕𝑡𝑞1𝑓 𝑞
0
𝑓 − 𝑞1𝑓 𝜕𝑡𝑞

0
𝑓

,
(11)

𝜔̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) ∶ = 1

2𝜋𝑖

⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 1
2
𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

.

(12)

Definition 7  (Proposed Higher-Order SCT).  Take 𝑓 ∈ 𝐿2(ℝ) as the input function and take 𝑔 ∈ 𝑆(ℝ) as the window. For a small 
𝛼 > 0, define the higher order SCT with resolution 𝛼 by 

𝑆(𝑔,𝛼)
𝑓 (𝑡, 𝜉, 𝜆) ∶= ∬ℝ2

𝑇 (𝑔)
𝑓 (𝑡, 𝜂, 𝛾)ℎ𝛼(𝜉 − 𝜔̃(𝑔)

𝑓 (𝑡, 𝜂, 𝛾))ℎ𝛼(𝜆 − 𝜇̃(𝑔)
𝑓 (𝑡, 𝜂, 𝛾))d𝜂d𝛾

where 𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆), 𝜔̃(𝑔)

𝑓 (𝑡, 𝜉, 𝜆) are define as in (11) and (12), respectively. Similarly, ℎ𝛼 is an “approximate 𝛿-function”. 
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Proposition 1  (Reassignment ingredients for proposed high-order SCT). Suppose that 𝑇 (𝑔)
𝑓  is the chirplet transform defined in Definition 4. 

Define

𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) ∶=

1
𝜋𝑖

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

𝑞0𝑓

⎞

⎟

⎟

⎟

⎟

⎟

⎠

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)
,

𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) ∶= 1

2𝜋𝑖

(

2𝑞0𝑓 + 𝜕𝑡𝑞1𝑓
)

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜕2𝑡𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

𝑞1𝑓

2
(

𝑞0𝑓
)2

+ 𝜕𝑡𝑞1𝑓 𝑞
0
𝑓 − 𝑞1𝑓 𝜕𝑡𝑞

0
𝑓

,

𝜔̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) ∶=

𝜕𝑡𝑇
(𝑔)
𝑓

2𝜋𝑖𝑇 (𝑔)
𝑓

− 𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 1
2
𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

if 𝑓 (𝑥) is of the form 𝐴(𝑥)𝑒2𝜋𝑖𝜙(𝑥) , log𝐴(𝑥) = ∑3
𝑗=0[log𝐴]

(𝑗)(𝑡) (𝑥−𝑡)
𝑗

𝑗!  , and 𝜙(𝑥) is a cubic polynomial, then we have

𝑅𝑒(𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)) = 𝜙′′′(𝑡), 𝑅𝑒(𝜇̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)) = 𝜙′′(𝑡),

𝑅𝑒(𝜔̃(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)) = 𝜙′(𝑡).

Remark 1.  It is obvious that, compared with the SCT in [19], the new estimator for 𝜙′′(𝑡) will degenerate to the ingredient given in 
[19] when 𝜃(𝑔)𝑓  vanishes. Therefore, as expected, the result of the proposed method is similar to that of the SCT in the case where the 
signal is a superposition of pure chirps. 
This proposition somehow suggests that, if the target signal is close enough to a complex function with a cubic phase, then the new 
reassignment ingredient will indeed be a suitable estimator of the first three derivatives of the phase function. In the following, we 
will present some mathematical analysis to explain this fact explicitly. We first consider the following model, which is similar to the 
𝜖–ICT function in [19].
Definition 8  (The 𝜖-intrinsic cubic type function (𝜖-ICBT)).  Suppose that 𝜖 is fixed and larger than 0. A function 𝑓 ∶ ℝ → ℂ is said 
to be the 𝜖-intrinsic cubic type function (𝜖-ICBT) if 𝑓 (𝑥) = 𝐴(𝑥)𝑒𝑖2𝜋𝜙(𝑥) where 𝐴 and 𝜙 have the following properties:

𝐴 ∈ 𝐶3(ℝ) ∩ 𝐿∞(ℝ), 𝜙 ∈ 𝐶4(ℝ),

inf
𝑥∈ℝ

𝜙′(𝑥) > 0, sup
𝑥∈ℝ

𝜙′(𝑥) < ∞,

𝐴(𝑥) > 0, |

|

𝐴′(𝑥)|
|

, |
|

𝐴′′(𝑥)|
|

, |
|

𝐴′′′(𝑥)|
|

, ||
|

𝜙(4)(𝑥)||
|

≤ 𝜖|
|

𝜙′(𝑡)|
|

, ∀𝑥 ∈ ℝ.

The definition specifies the oscillatory function that locally acts like a cubic polynomial phase function with the closeness quantified 
by 𝜖. Furthermore, not only the variation of the IF but also that of the AM is controlled by the IF.
Definition 9  (Superposition of well-separated 𝜖-ICBT components).  A function 𝑓 : ℝ → ℂ is said to be in the space 𝜖,Δ of the 
superposition of well-separated 𝜖-ICBT functions if there exists a finite 𝐾 such that

𝑓 (𝑥) =
𝐾
∑

𝑘=1
𝑓𝑘(𝑥) =

𝐾
∑

𝑘=1
𝐴𝑘(𝑥)𝑒2𝜋𝑖𝜙𝑘(𝑥),

where each 𝑓𝑘 is an 𝜖-ICBT function, and their respective phase functions 𝜙𝑘 satisfy
|

|

|

𝜙′
𝑘(𝑡) − 𝜙′

𝑙(𝑡)
|

|

|

+ |

|

|

𝜙′′
𝑘 (𝑡) − 𝜙′′

𝑘 (𝑡)
|

|

|

≥ 2Δ .

Now, for any 𝑔 ∈ (ℝ), we define

(𝑔(𝑥))(𝜉, 𝜆) ∶= ∫ℝ
𝑔(𝑥)𝑒−2𝜋𝑖𝜉𝑥−𝜋𝑖𝜆𝑥

2
𝑑𝑥

Theorem 1  (Approximation of the reassignment ingredients). Suppose that 𝑓 ∈ 𝜖,Δ. Pick a window function 𝑔 ∈ (ℝ) that satisfies the 
following constraint for all 𝑘 = 1, 2,⋯ , 𝐾 and 𝑛 = 0, 1, 2,⋯ , 6,

|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝜙

′′′
𝑘 (𝑡)𝑥3

)

(𝜉, 𝜆)
|

|

|

|

≤

√

Δ𝐷𝑛𝜖
√

|𝜉| + |𝜆|
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for some 𝐷𝑛 > 0. Let 𝜖 = 𝜖
1
10 . Then, provided 𝜖 (and thus also 𝜖 ) is sufficiently small, the following inequalities hold:

For each tuple (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 , where

𝑀𝑘 ∶=
{

(𝑡, 𝜉, 𝜆) ∶ |

|

|

𝜉 − 𝜙′
𝑘(𝑡)

|

|

|

+ |

|

|

𝜆 − 𝜙′′
𝑘 (𝑡)

|

|

|

< Δ
}

,

such that ||
|

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆)||

|

> 𝜖 , ||
|

𝑞0𝑓 (𝑡, 𝜉, 𝜆)
|

|

|

> 𝜖 and 𝜋
|

|

|

|

|

|

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)

|

|

|

|

|

|

> 𝜖, we have

|

|

|

𝜔(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′

𝑘(𝑡)
|

|

|

≤ 𝜖,

|

|

|

𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′

𝑘 (𝑡)
|

|

|

≤ 𝜖,

 and 
|𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′

𝑘 (𝑡)| ≤ 𝜖.

The proof of this theorem is in the Appendix since it is an extension of Theorem 1 in [19]. The proof includes some standard estimations 
as well as some new estimates for 𝜃(𝑔)𝑓 .

Remark 2.  Let the ridge number 𝑘 be fixed and set 𝑎 = 𝜙′′′
𝑘 (𝑡). We claim that the Gaussian window 𝑔(𝑥) = 𝑒−𝜋𝑥2  satisfies the condition

|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3)

(𝜉, 𝜆)
|

|

|

|

≤

√

Δ𝐷𝑛𝜖
√

|𝜉| + |𝜆|
(13)

for 𝑛 = 0, 1,⋯ , 6. We first consider the case when 𝑎 = 0. For the cases 𝑛 = 0, 1, 2, we can used Remark 2 given in [19]. For 𝑛 = 3,⋯ , 6, 
one can repeat the procedure in Remark 2 in [19], i.e., taking further partial derivatives, to show that the Gaussian window 𝑔(𝑥)
satisfies the condition if the function 𝑦2𝑛+1𝑒−𝑦2  is bounded, which is clear.

If 𝑎 ≠ 0, with 𝐴𝑛(𝑥) ∶= 𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3
, we write


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3)

(𝜉, 𝜆) = ∫ℝ
𝐴𝑛(𝑥)𝑒−2𝜋𝑖𝜉𝑥𝑒−𝜋𝑖𝜆𝑥

2
𝑑𝑥 .

Note that 𝐴𝑛(𝑥) is a Schwartz function depending on the constants of 𝑎 and 𝑛. Moreover, we only need to consider Eq.  (13) when 
|(𝜉, 𝜆)| is large since the left-hand side of Eq.  (13) is bounded on any compact neighborhood of the origin.

Assume that (𝜉, 𝜆) = (𝜌𝜉0, 𝜌𝜆0), where 𝜌 is a scale parameter and (𝜉0, 𝜆0) ∈ ℝ2 is a unit vector. To analyze the behavior as 𝜌 → ∞, 
we first fix 𝜌 and consider the following two cases for a given 𝛿 > 0, namely the case where |𝜆0| > 𝛿 and the case where |𝜆0| ≤ 𝛿.

When |𝜆0| > 𝛿, the van der Corput lemma (see Chapter VIII in [21]) of 𝐾 = 2 yields that 


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3)

(𝜌𝜉0, 𝜌𝜆0) ≲
sup𝑥 ||𝐴𝑛(𝑥)|| + ‖

‖

𝐴′
𝑛
‖

‖1
√

𝜌|𝜆0|
.

Therefore, taking the limit 𝜌 → ∞, we obtain

(|𝜉| + |𝜆|)
|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3)

(𝜉, 𝜆)
|

|

|

|

2
≲ (sup

𝑥
|

|

𝐴𝑛(𝑥)|| + ‖

‖

𝐴′
𝑛
‖

‖1)
2 |𝜉0| + |𝜆0|

|𝜆0|

≲ (sup
𝑥

|

|

𝐴𝑛(𝑥)|| + ‖

‖

𝐴′
𝑛
‖

‖1)
2(1 + 𝛿−1)

< ∞ .

When |𝜆0| ≤ 𝛿, by the integration by part, we have 

∫ℝ
𝐴𝑛(𝑥)𝑒−2𝜋𝑖𝜉𝑥𝑒−𝜋𝑖𝜆𝑥

2
d𝑥 = ∫ℝ

1
−2𝜋𝑖𝜉

𝑑
𝑑𝑥

(

𝐴𝑛(𝑥)𝑒−𝜋𝑖𝜆𝑥
2
)

𝑒−2𝜋𝑖𝜉𝑥 d𝑥 .

Therefore, 
|

|

|

|

∫ℝ
𝐴𝑛(𝑥)𝑒−2𝜋𝑖𝜉𝑥𝑒−𝜋𝑖𝜆𝑥

2
d𝑥

|

|

|

|

≲ |𝜉|−1
(

‖

‖

𝐴′
𝑛
‖

‖1 + 𝜋‖
‖

𝑥𝐴𝑛(𝑥)‖‖1
)

,

and

(|𝜉| + |𝜆|)
|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒𝑖
1
3 𝜋𝑎𝑥

3)

(𝜉, 𝜆)
|

|

|

|

2
≲ (|𝜉| + |𝜆|)|𝜉|−2

(

‖

‖

𝐴′
𝑛
‖

‖1 + 𝜋‖
‖

𝑥𝐴𝑛(𝑥)‖‖1
)2

< ∞ .

Note that sup𝑥 ||𝐴𝑛(𝑥)||, ‖‖𝐴′
𝑛(𝑥)‖‖1, and ‖‖𝑥𝐴𝑛(𝑥)‖‖1 do not depend on 𝜉 and 𝜆. They depend only on 𝑛 and 𝑎.

We thus complete the claim. 
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3.1.  Computation for implementation

Considering the stability of computation, taking a derivative directly is not a good implementation method. To achieve better 
implementation results, it is important to substitute all (or nearly all) of the derivatives. Set 𝑇 (𝑔)

𝑓  to be the chirplet transform with 
window function 𝑔(𝑥) ∈ (ℝ) and input signal 𝑓 ∈ 𝐿2(ℝ).

Proposition 2  (Replacement of the derivative (i)). From Definition 4, we have

𝜕𝑡𝑇
(𝑔)
𝑓 = −𝑇

(

𝑔′
)

𝑓 + 2𝜋𝑖𝜉𝑇 (𝑔)
𝑓 + 2𝜋𝑖𝜆𝑇 (𝑥𝑔)

𝑓 , (14)

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 = 𝑇

(

𝑔′′
)

𝑓 − 4𝜋𝑖𝜉𝑇
(

𝑔′
)

𝑓 − 2𝜋𝑖𝜆𝑇
(

𝑥𝑔′
)

𝑓 + (2𝜋𝑖𝜉)2𝑇 (𝑔)
𝑓

+ 2(2𝜋𝑖𝜉)(2𝜋𝑖𝜆)𝑇 (𝑥𝑔)
𝑓 − 2𝜋𝑖𝜆𝑇

(

𝑔+𝑥𝑔′
)

𝑓 + (2𝜋𝑖𝜆)2𝑇
(

𝑥2𝑔
)

𝑓 , (15)

and

𝜕𝑡𝑡𝑡𝑇
(𝑔)
𝑓 = − 𝑇 (𝑔′′′)

𝑓 + 𝑖6𝜋𝜉𝑇 (𝑔′′)
𝑓 + 𝑖6𝜋𝜆𝑇 (𝑥𝑔′′)

𝑓

+ 𝑇 (𝑔′)
𝑓

[

𝑖6𝜋𝜆 − 12(𝑖𝜋𝜉)2
]

+ 𝑇 (𝑥𝑔′)
𝑓 [−24(𝑖𝜋𝜉)(𝑖𝜋𝜆)]

+ 𝑇 (𝑔)
𝑓

[

8(𝑖𝜋𝜉)3 − 12(𝜋𝑖𝜆)(𝑖𝜋𝜉)
]

+ 𝑇 (𝑥2𝑔′)
𝑓

[

−12(𝑖𝜋𝜆)2
]

+ 𝑇 (𝑥𝑔)
𝑓

[

24(𝑖𝜋𝜉)2(𝜋𝑖𝜆) − 12(𝑖𝜋𝜆)2
]

+ 𝑇 (𝑥2𝑔)
𝑓

[

24(𝑖𝜋𝜆)2(𝑖𝜋𝜉)
]

+ 𝑇 (𝑥3𝑔)
𝑓

[

8(𝑖𝜋𝜆)3
]

,

(16)

in which
𝑇 (𝑔′)
𝑓 , 𝑇 (𝑥𝑔)

𝑓 , 𝑇 (𝑔′′)
𝑓 , 𝑇 (𝑥𝑔′)

𝑓 , 𝑇 (𝑥2𝑔)
𝑓 , 𝑇 (𝑔′′′)

𝑓 , 𝑇 (𝑥𝑔′′)
𝑓 , 𝑇 (𝑥2𝑔′)

𝑓 , 𝑇 (𝑥3𝑔)
𝑓

are respectively the CTs of f with the window functions
𝑔′(𝑥), 𝑥𝑔(𝑥), 𝑔′′(𝑥), 𝑥𝑔′(𝑥), 𝑥2𝑔(𝑥), 𝑔′′′(𝑥), 𝑥𝑔′′(𝑥), 𝑥2𝑔′(𝑥), 𝑥3𝑔(𝑥).

Proposition 3  (Replacement of the derivative (ii)). To replace the derivative of the denominator in (11), we compute

𝜕𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

= 1
(𝑇 (𝑔)

𝑓 )2

[

𝜕𝑡𝑡𝑇
(𝑔)
𝑓 𝑇 (𝑔)

𝑓 −
(

𝜕𝑡𝑇
(𝑔)
𝑓

)2
]

(17)

and

𝜕𝑡𝑡
⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

= 1
(𝑇 (𝑔)

𝑓 )4

[(

𝜕𝑡𝑡𝑡𝑇
(𝑔)
𝑓 𝑇 (𝑔)

𝑓 + 𝜕𝑡𝑡𝑇
(𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓 − 2𝜕𝑡𝑇

(𝑔)
𝑓 𝜕𝑡𝑡𝑇

(𝑔)
𝑓

)

(𝑇 (𝑔)
𝑓 )2

−2𝑇 (𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

(

𝜕𝑡𝑡𝑇
(𝑔)
𝑓 𝑇 (𝑔)

𝑓 −
(

𝜕𝑡𝑇
(𝑔)
𝑓

)2
)]

.

(18)

Proposition 4  (Replacement of the derivative for 𝑞𝑗𝑓 ). For 𝑗 = 0, 1, one has

𝑞𝑗𝑓 (𝑡, 𝜉, 𝜆) =
1

(

𝑇 (𝑔)
𝑓

)2

[

𝑇 (𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑔′)

𝑓 − 𝑇 (𝑥𝑗+1𝑔′)
𝑓 𝑇 (𝑔)

𝑓

+𝑖2𝜋𝜆
(

𝑇 (𝑥𝑗+2𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑥𝑔)

𝑓

)]

, (19)

𝜕𝑡𝑞
𝑗
𝑓 (𝑡, 𝜉, 𝜆) =

1
(𝑇 (𝑔)

𝑓 )2

[(

𝜕𝑡𝑇
(𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑔′)

𝑓 + 𝑇 (𝑥𝑗+1𝑔)
𝑓 𝜕𝑡𝑇

(𝑔′)
𝑓

−𝜕𝑡𝑇
(𝑥𝑗+1𝑔′)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑗+1𝑔′)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

+ 2𝜋𝑖𝜆
(

𝜕𝑡𝑇
(𝑥𝑗+2𝑔)
𝑓 𝑇 (𝑔)

𝑓 + 𝑇 (𝑥𝑗+2𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

−𝜕𝑡𝑇
(𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑥𝑔)

𝑓 − 𝑇 (𝑥𝑗+1𝑔)
𝑓 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)]

−
2𝜕𝑡𝑇

(𝑔)
𝑓

(𝑇 (𝑔)
𝑓 )3

[

𝑇 (𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑔′)

𝑓 − 𝑇 (𝑥𝑗+1𝑔′)
𝑓 𝑇 (𝑔)

𝑓

+2𝜋𝑖𝜆
(

𝑇 (𝑥𝑗+2𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑗+1𝑔)
𝑓 𝑇 (𝑥𝑔)

𝑓

)]

, (20)

where 𝑎 ∈ ℕ and 𝑏 ∈ ℕ ∪ {0},

𝜕𝑡𝑇
(𝑥𝑎𝑔(𝑏))
𝑓 (𝑡, 𝜉, 𝜆) = −𝑎𝑇 (𝑥𝑎−1𝑔(𝑏))

𝑓 − 𝑇 (𝑥𝑎𝑔(𝑏+1))
𝑓 + 2𝜋𝑖𝜉𝑇 (𝑥𝑎𝑔(𝑏))

𝑓 + 2𝜋𝑖𝜆𝑇 (𝑥𝑎+1𝑔(𝑏))
𝑓 (21)
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Table 1 
Evaluation for the signal 𝑥2 using different metrics. 
Comparison between our method and the previous 
method.

 Method  Rényi Entropy  TF EMD  TFC EMD
 CT  22.6166  3.5035  12.0833
 SCT  15.6369  0.5583  2.2828
 Proposed  13.8553  0.4017  1.6203

4.  Experimental results

In this section, we present some experimental results to show the improvement given by our proposed HSCT method (see Section 3), 
utilizing the window function 𝑔0(𝑡) = 𝑒−𝜋𝑡2 . The code we used is available at https://github.com/Arthur310210/HSCT. We evaluate 
the effectiveness of each method from various viewpoints, quantifying the energy concentration of the distribution using the Rényi 
entropy [22] and assessing the fidelity using 2- and 3-dimensional Earth Mover’s Distances (EMDs) [23–25], a technique commonly 
employed in articles related to synchrosqueezing, as documented in [26] and [10]. In the discussion on the EMD, two scenarios are 
considered. The first one is to project the 3-dimensional TFC representations onto the 2-dimensional TF representation, defined as 
follows:

𝔗𝑓 (𝑔)(𝑡, 𝜉) ∶= ∫

∞

−∞

|

|

|

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆)||

|

d𝜆.

Here, by fixing 𝑡, we compute the one-dimensional EMD of the frequency distribution, followed by averaging the EMD curves over 
all time instances. The second scenario is to directly address the 3-dimensional TFC representation. By fixing the time 𝑡, we compute 
the 2-dimensional EMD of frequency and chirp distributions and then average the EMD over all time instances.

4.1.  The results for large chirp-rate variation

Recall that the most suitable condition for the SCT is that the target signal is a pure chirp signal or close to a pure chirp signal, 
which is called the 𝜖–intrinsic chirp type function (𝜖–ICT function) [19]. However, when this is not the case, then the performance 
of the SCT will be limited.

The large variation in the instantaneous frequency will make the SCT perform badly. By contrast, the proposed method can linearly 
detect the variance in the chirp rate and hence has much better performance. Consider the signal with a varied chirp rate as follows

𝑥2 = exp
(

𝑖2𝜋
(

12𝑡 + 12 exp(−1
2
(𝑡 − 3)2)

))

.

Note that 𝑥2 is a signal with a heat kernel in its phase term and has a varied chirp rate. The instantaneous frequency for 𝑥2 is 
𝑓2 = 12 − 12(𝑡 − 3) exp(− 1

2 (𝑡 − 3)2).
According to Fig. 1, the scattering plot of the EMD or the magnitude of |𝜙′′′(𝑡)| can tell us some stories. From the left subfigure 

in Fig. 1, we can see that |𝜙′′′(𝑡)| is far from 0 and the chirp rate of the signal varies very fast. In the middle subfigure, the EMD is 
plotted versus the time. Considering the magnitude of |𝜙′′′(𝑡)| at the time instant and plotting the scattering, the right subfigure is 
obtained. This subfigure can probably be divided into left and right halves. In the right-half part of the subfigure, the distance gap 
between the two methods becomes wider when the magnitude of the 3rd derivative of the phase function gets larger. The left-hand 
part consists of two kinds of points. One of them is the points near 𝑡 = 3, where |𝜙′′′(𝑡)| vanishes, and the other one is the complicated 
boundary points due to the so-called boundary effect. Also, observing Fig. 2, the subfigure in the 3rd column of the 2nd row shows 
that the TFC distribution of the SCT method almost collapses as the chirp rate varies rapidly. By contrast, the result in the lower-right 
subfigure shows that, when using the proposed HSCT method, the obtained TFC distribution is well connected everywhere.

All of the above experimental results indicate that the variation of the chirp rate is strongly related to the performance of the SCT 
but the proposed method can overcome the limitation.

4.2.  Separating signals

The main motivation to develop the synchrosqueezing transform based on the chirplet transform in [19] was to weaken the 
necessary condition of separating the signals, and it would be an important issue of how the proposed method works when dealing 
with such problems.

We recall the first example we presented in Section 4.3,
𝑥11 = exp

(

𝑖2𝜋
(

4𝑡2
))

𝑥12 = exp
(

𝑖2𝜋
(

−𝜋𝑡2 + (24 + 6𝜋)𝑡
))

𝑥1 = 𝑥11 + 𝑥12,

the superposition of a pair of pure chirp signals.
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Fig. 1. (Left) The numerical value of the derivatives of the phase function from the first to the third orders. (Middle) The EMD of the results given 
by the CT, the SCT, and the proposed method. (Right) The scattering plot of |𝜙′′′(𝑡)|–EMD.

Fig. 2. (Top row) The visualization of the time-frequency (TF) representation for 𝑥2. From left to right: the ideal TF representation, the result of the 
CT, the result of the original SCT, and the result of the proposed HSCT. (Bottom row) The 3-dimensional visualization of the time-frequency-chirp 
(TFC) representation of 𝑥2. From left to right: the ideal TFC representation, the result of the CT, the result of the original SCT, and the result of the 
proposed method.

Fig. 3. Magnitude of the analyzed chirp rate at 𝑡 = 3 and 𝜉 = 24 of 𝑥1. The red dotted lines indicate the accurate positions for the impulses. (Left) 
The result of the CT. (Middle) The result of the SCT. (Right) The result of the proposed method. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Magnitude of the analyzed chirp rate at 𝑡 = 3.176 and 𝜉 = 15.67 of 𝑥3. The red dotted lines indicate the accurate positions for the impulses. 
(Left) The result of the CT. (Middle) The result of the SCT. (Right) The result of the proposed HSCT method. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. (Top row): Visualizations of the TF representations for 𝑥3. From left to right: the ideal TF representation, the results of the CT, the original 
SCT, and the proposed HSCT, respectively. (Bottom row): Three dimensional visualizations of the TFC representations of 𝑥3. From left to right: the 
ideal TFC representation, the results of the CT, the original SCT, and the proposed HSCT, respectively.

In Fig. 3, the chirp-rate analysis result of this synthetic example is shown. One can see that, when using the proposed method, the 
magnitude of the chirp rate of the two components is well-separated, which shows the proposed method works well in this case.

Next, we explore the difference between the two methods in more complex examples. Consider the synthetic signal defined as the 
superposition of a chirp function and a signal with a sine curve phase function as follows.

𝑥31 = exp
(

𝑖2𝜋
(

8(𝑡 − 2.2)2
))

,

𝑥32 = exp
(

𝑖2𝜋
(

−2 cos
( 2
3
𝜋(𝑡 − 2)

)

+ 13(𝑡 − 2)
))

,

𝑥3 = 𝑥31 + 𝑥32 .

The instantaneous frequency for 𝑥31 and 𝑥32 are 𝑓31 = 16(𝑡 − 2.2) and 𝑓32 = 4
3𝜋 sin

(

2
3𝜋(𝑡 − 2)

)

+ 13, respectively, and the intersec-
tion of them is at about 𝑡 ≈ 3.176 and 𝜉 ≈ 15.67.

Some differences arise in this example between the methods of the SCT and the proposed HSCT. As shown in Fig. 4, the magnitude 
of the analyzed chirp rates of the two methods are different. The correct chirp rates of this example at 𝑡 = 3.176 and 𝜉 = 15.67 should 
be two impulses at about 16 and −6.83. The former is contributed from 𝑥31 and the latter is from 𝑥32. From Fig. 4, the middle subfigure 
shows the result given by the SCT. The lower order of the SCT leads to the bias of the estimation result, which consequently makes 
the squeezing process wrong. By comparison, from the right subfigure, one can see that the proposed method gives a quite reliable 
estimation result of the chirp rate.

From the 3rd column in the bottom row of Fig. 5, one can see that the TFC representation determined by the SCT contains more 
side lobes and the sinusoidal part of the TFC representation is blurred. One can imagine that the blurring of the sinusoidal part is 
due to the fast variation of the chirp rate, which reduces the applicability of the SCT. In contrast, from the 4th column of Fig. 5, one 
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Table 2 
Evaluation for the signal 𝑥3 case using different metrics. Com-
parison between our method and the previous method.

 Method  Rényi Entropy  TF EMD  TFC EMD
 CT  24.1379  4.4416  14.3708
 SCT  18.4175  2.9218  11.1113
 Proposed  17.7811  1.7455  7.5175

Table 3 
Evaluation for the signal 𝑥1 using different metrics. Compari-
son between our method and the previous method.

 Method  Rényi Entropy  TF EMD  TFC EMD
 CT  23.5241  3.3526  10.1349
 SCT  15.0726  1.1402  3.3042
 proposed  16.0366  0.7263  3.1288

Table 4 
Evaluation for the signal 𝑥4 using different metrics. Compari-
son between our method and the previous method.

 Method  Rényi Entropy  TF EMD  TFC EMD
 CT  23.7805  2.8182  8.5212
 SCT  20.3239  1.9534  6.7796
 Proposed  18.1902  1.3703  5.1615

can see that the proposed method not only gives a clear string wave graph but also well separates the two modes in the TFC space. 
According to Table 2, the proposed HSCT method has a lower Rényi entropy and lower TF and TFC EMDs, which means that the 
proposed method has better energy concentration.

4.3.  Degenerated into the SCT

As mentioned in Section 3, the proposed method adds the parameter 𝜃(𝑔)𝑓  to adjust the estimation result of the phase function. Its 
purpose is to include the information of the 3rd derivative of the phase function in the synchrosqueezing transform. However, when 
the target signal is a pure chirp or the composition of pure chirps, the extra adjustment becomes a redundancy.

We now consider the case where the signal is a composition of a pair of pure chirps. The input signal is as follows
𝑥11 = exp

(

𝑖2𝜋
(

4𝑡2
))

𝑥12 = exp
(

𝑖2𝜋
(

−𝜋𝑡2 + (24 + 6𝜋)𝑡
))

𝑥1 = 𝑥11 + 𝑥12

where the instantaneous frequency for 𝑥11 and 𝑥12 are 𝑓11 = 8𝑡 and 𝑓12 = −2𝜋𝑡 + (24 + 6𝜋), respectively.
Derived from Section 3, 𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) represents the magnitude of the 3rd derivative of the phase function at time 𝑡 and frequency 𝜉. 

This leads to the conclusion that the impact of 𝜃(𝑔)𝑓  is minimal in this case, aligning well with the characteristics of the given signals. 
Also, as seen from Table 3, the SCT method outperforms other methods in energy concentration based on the winning Rényi entropy, 
despite similar scores in the two kinds of the EMD.

4.4.  More than two modes

For the last example, we explore the performance when the input is a superposition of more than two modes. The following 
three-mode signal 𝑥4 consists of one linear chirp and two signals with cubic polynomial phase functions.

𝑥41 = exp
(

𝑗2𝜋
( 5
6
𝑡3 − 15

2
𝑡2 + 40𝑡 + 180

))

,

𝑥42 = exp
(

𝑗2𝜋
(

−5
6
𝑡3 + 15

2
𝑡2 + 35

2
𝑡 + 5

6

))

,

𝑥43 = exp
(

𝑗2𝜋
(

−7
2
𝑡2 + (26 + 6𝜋)𝑡 − 6𝜋 − 45

2

))

,

𝑥4 = 𝑥41 + 𝑥42 + 𝑥43,

where the instantaneous frequency for 𝑥41, 𝑥42, and 𝑥43 are 𝑓41 = 5
2 𝑡

2 − 15𝑡 + 40, 𝑓42 = − 5
2 𝑡

2 + 15𝑡 + 35
2 , and 𝑓43 = −7𝑡 + 26 + 6𝜋, re-

spectively. The numerical results in Table 4 show that the proposed HSCT also works well when the number of modes is more than 
two.
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5.  Conclusion

In this paper, the HSCT, which is to extend the synchrosqueezed chirplet transform into a higher-order version, was proposed. 
It enables us to well analyze the signals with the fast variation of the chirp rate. Experimental results also show that the proposed 
HSCT has better performance than existing methods. In future work, we will further extend the proposed idea. Note that the proposed 
new operator is independent of the kernel of the original integral operator. For example, the proposed operator is also valid for the 
synchrosqueezed wavelet transform and we can apply a similar method to extend the synchrosqueezed wavelet transform into the 
higher-order version.Algorithm 1, Table 1

Data availability

Data will be made available on request.
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Appendix A.  Proposed Algorithm

Algorithm 1 Higher Order Synchrosqueezed Chirplet Transforms (HSCT).
  Input Signal 𝐱 ∈ ℂ𝑛 or ℝ𝑛, sampling rate 𝑓𝑠, window vector 𝐠 ∈ ℂ2𝑄+1 or ℝ2𝑄+1 and suitable 𝑁 ≥ 2𝑄 + 1
  Output 𝐓(𝑔)

𝑥 ∈ ℂ𝑛×𝐹×𝐶 where 𝐹 , 𝐶 are the length of frequency axis and chirp axis, respectively.

1: Build time ticks 𝐭 ∈ ℝ𝑛, frequency ticks 𝐟 ∈ ℝ𝐹  and chirp ticks 𝝀 ∈ ℝ𝐶

2: Create a 𝑛 × 𝐹 × 𝐶 matrix 𝐓(𝑔)
𝑥 .

3: for 𝑖 = 1 to 𝑛 do
4:  for 𝑘 = 1 to 𝐶 do
5:  Let 𝐲𝑎,𝑏 = 𝐱[𝑖 −𝑄 ∶ 𝑖 +𝑄] ⋅ (𝐭[𝑖 −𝑄 ∶ 𝑖 +𝑄] − 𝐭𝑖)𝑏 ⋅ 𝐠(𝑎) ⋅ exp

(

−𝑖𝜋𝝀𝑘(𝐭[𝑖 −𝑄 ∶ 𝑖 +𝑄] − 𝐭𝑖)2
)

6:  Compute 𝐘(𝑥𝑏𝑔(𝑎)) = 𝑑𝑡 ⋅ exp(𝑖2𝜋 0∶(𝑁−1)
𝑁 )⋅fft(𝐲𝑎,𝑏, 𝑁) ∈ ℂ𝑁

7:  Choose the subvector of 𝐘(𝑥𝑏𝑔(𝑎)) corresponding to non-negative frequency. ⊳ Approximate 𝑇 (𝑥𝑏𝑔(𝑎))
𝑥 (𝑡𝑖, ∶, 𝜆𝑘)

8:  Compute 𝜽, 𝝁, 𝝎 by Proposition 2, 3, 4 and 1.
9:  Normalized 𝝁, 𝝎 to [1 ∶ 𝐹 ], and [1 ∶ 𝐶] as muIdx and omegaIdx
10:  for 𝑗 = 1 to 𝐹  do
11:  Reassign 𝐓(𝑔)

𝑥 [𝑖, omegaIdx[𝑗], muIdx[𝑗]]+ = 𝐘(𝑥𝑏𝑔(𝑎))[𝑗]
12:  end for
13:  end for
14: end for

Appendix B.  Proof of Theorem 1

In this section, we provide the proof of Theorem 1 by listing a few lemmas. These lemmas make up the proof of Theorem 1. We 
will skip the proof if the content is highly similar to the one in the reference.
Lemma 1. For any tuple (𝑡, 𝜉, 𝜆) under consideration, there can be at most one 𝑘 ∈ {1,… , 𝐾} such that ||

|

𝜉 − 𝜙′
𝑘(𝑡)

|

|

|

+ |

|

|

𝜆 − 𝜙′′
𝑘 (𝑡)

|

|

|

< Δ, i.e. 
(𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘.

The proof of this lemma has been established in Lemma 3 in [19].
Lemma 2. If (𝑡, 𝜉, 𝜆) ∉ 𝑀𝑘, then

|

|

|

𝑇 (𝑥𝑛𝑔)
𝑓𝑘

(𝑡, 𝜉, 𝜆)||
|

≤ 𝜖𝐸𝑘,𝑛(𝑡),

where 𝐸𝑘,𝑛(𝑡) ∶=
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+1 +
(

𝐷𝑛 +
𝜋
12
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+4
)

𝐴𝑘(𝑡).

Proof.  First, we do the decomposition to 𝑓𝑘(𝑥) to evaluate the difference to it own at the time 𝑡
𝑓𝑘(𝑥) =𝐴𝑘(𝑥)𝑒2𝜋𝑖𝜙𝑘(𝑥)
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=
(

𝐴𝑘(𝑥) − 𝐴𝑘(𝑡)
)

𝑒2𝜋𝑖𝜙𝑘(𝑥)

+ 𝐴𝑘(𝑡)𝑒
2𝜋𝑖

[

𝜙𝑘(𝑡)+𝜙′𝑘(𝑡)(𝑥−𝑡)+
1
2 𝜙

′′
𝑘 (𝑡)(𝑥−𝑡)

2+ 1
6 𝜙

′′′
𝑘 (𝑡)(𝑥−𝑡)3

]

+ 𝐴𝑘(𝑡)
(

𝑒2𝜋𝑖𝜙𝑘(𝑥) − 𝑒2𝜋𝑖
[

𝜙𝑘(𝑡)+𝜙′𝑘(𝑡)(𝑥−𝑡)+
1
2 𝜙

′′
𝑘 (𝑡)(𝑥−𝑡)

2+ 1
6 𝜙

′′′
𝑘 (𝑡)(𝑥−𝑡)3

])

.

Denote these three terms in the sum by 𝑓𝑘,1, 𝑓𝑘,2, 𝑓𝑘,3 respectively and

𝐼𝑛 = ∫ℝ
|𝑥 − 𝑡|𝑛|𝑔(𝑥 − 𝑡)|𝑑𝑥.

Then we have
|

|

|

|

𝑇 (𝑥𝑛𝑔)
𝑓𝑘,1

(𝑡, 𝜉, 𝜆)
|

|

|

|

≤ ∫
|

|

𝐴𝑘(𝑥) − 𝐴𝑘(𝑡)|||𝑥 − 𝑡|𝑛|𝑔(𝑥 − 𝑡)|d𝑥

≤ ‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ ∫ |𝑥 − 𝑡|𝑛+1|𝑔(𝑥 − 𝑡)|d𝑥

≤ ‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+1 ≤ 𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+1.

If (𝑡, 𝜉, 𝜆) ∉ 𝑀𝑘, then
|

|

|

|

𝑇 (𝑥𝑛𝑔)
𝑓𝑘,2

(𝑡, 𝜉, 𝜆)
|

|

|

|

=
|

|

|

|

∫ℝ
𝐴𝑘(𝑡)𝑒2𝜋𝑖𝜙𝑘(𝑡)(𝑥 − 𝑡)𝑛𝑔(𝑥 − 𝑡)

× 𝑒−2𝜋𝑖(𝜉−𝜙
′
𝑘(𝑡))(𝑥−𝑡)−𝜋𝑖(𝜆−𝜙

′′
𝑘 (𝑡))(𝑥−𝑡)

2+ 1
3 𝜋𝑖𝜙

′′′
𝑘 (𝑡)(𝑥−𝑡)3𝑑𝑥

|

|

|

|

= 𝐴𝑘(𝑡)
|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒
1
3 𝜋𝑖𝜙

′′′(𝑡)𝑥3
)

(

𝜉 − 𝜙′
𝑘(𝑡), 𝜆 − 𝜙′′

𝑘 (𝑡)
)|

|

|

|

≤ 𝐴𝑘(𝑡)𝐷𝑛𝜖 ,

providing

|

|

|

|


(

𝑥𝑛𝑔(𝑥)𝑒
1
3 𝜋𝑖𝜙

′′′
𝑘 (𝑡)𝑥3

)

(𝜉, 𝜆)
|

|

|

|

≤

√

Δ𝐷𝑛𝜖
√

|𝜉| + |𝜆|

where (𝑓 (𝑥))(𝜉, 𝜆) ∶= ∫ℝ 𝑓 (𝑥)𝑒−2𝜋𝑖𝜉𝑥−𝜋𝑖𝜆𝑥2𝑑𝑥. For the last term, we have
|

|

|

|

𝑇 (𝑥𝑛𝑔)
𝑓𝑘,3

(𝑡, 𝜉, 𝜆)
|

|

|

|

≤ 𝐴𝑘(𝑡)∫ 2𝜋
|

|

|

|

|

|

𝜙𝑘(𝑥) −
3
∑

𝑝=0

1
𝑝!
𝜙(𝑝)
𝑘 (𝑡)(𝑥 − 𝑡)𝑝

|

|

|

|

|

|

|𝑥 − 𝑡|𝑛|𝑔(𝑥 − 𝑡)|d𝑥

≤ 𝐴𝑘(𝑡)∫
2𝜋
4!

‖

‖

‖

𝜙(4)
𝑘
‖

‖

‖𝐿∞ |𝑥 − 𝑡|𝑛+4|𝑔(𝑥 − 𝑡)|d𝑥

≤ 𝜋
12

𝐴𝑘(𝑡)
‖

‖

‖

𝜙(4)
𝑘
‖

‖

‖𝐿∞𝐼𝑛+4 ≤
𝜖𝜋
12

𝐴𝑘(𝑡)
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+4 .

Consequently,
|

|

|

𝑇 (𝑥𝑛𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝑇 (𝑥𝑛𝑔)

𝑓𝑘
(𝑡, 𝜉, 𝜆)||

|

≤ 𝜖
∑

𝑙≠𝑘
𝐸𝑙,𝑛(𝑡).

 ∎
Lemma 3.  If (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 for some 𝑘 where 1 ≤ 𝑘 ≤ 𝐾,  then 

|

|

|

|

|

|

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝑇
(𝑥𝑔)
𝑓 +

𝜙′′′
𝑘 (𝑡)
2

𝑇 (𝑥2𝑔)
𝑓

)

|

|

|

|

|

|

≤ 𝜖𝐵𝑘,1(𝑡)

where

𝐵𝑘,1(𝑡) =

( 𝑁
∑

𝑘=1

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼0 +
𝜋
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼3

+ 2𝜋
∑

𝑙≠𝑘

(

𝜙′
𝑙(𝑡)𝐸𝑙,0(𝑡) +

|

|

|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐸𝑙,1(𝑡) +
1
2
|𝜙′′′

𝑙 (𝑡)|𝐸𝑙,2(𝑡)
)

+2𝜋

(

𝜙′
𝑘(𝑡)

∑

𝑙≠𝑘
𝐸𝑙,0(𝑡) +

|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

∑

𝑙≠𝑘
𝐸𝑙,1(𝑡) +

|𝜙′′′
𝑘 (𝑡)|
2

∑

𝑙≠𝑘
𝐸𝑙,2(𝑡)

))

.
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After doing the 4th- order Taylor expansion to the phase functions, the rest of the proof is similar to Lemma 5 in [19].
Lemma 4.  If (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 for some 𝑘 where 1 ≤ 𝑘 ≤ 𝐾,  then 

|

|

|

|

|

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′
𝑘 (𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′′

𝑘 (𝑡)𝑇 (𝑥𝑔)
𝑓 + 𝜙′

𝑘(𝑡)𝜕𝑡𝑇
(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑥𝑔)
𝑓

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥2𝑔)
𝑓

)

|

|

|

|

≤ 𝜖𝐵𝑘,2(𝑡)

where

𝐵𝑘,2(𝑡) = Ω + 2𝜋
∑

𝑙≠𝑘

(

|

|

|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐸𝑙,0(𝑡) +
|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐸𝑙,1(𝑡) + 𝜙′
𝑙(𝑡)𝐹𝑙,0(𝑡)

+ |

|

|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐹𝑙,1(𝑡) +
1
2
|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐹𝑙,2(𝑡)
)

+ 2𝜋

(

|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

∑

𝑙≠𝑘
𝐸𝑙,0(𝑡) +

|

|

|

𝜙′′′
𝑘 (𝑡)||

|

∑

𝑙≠𝑘
𝐸𝑙,1(𝑡) + 𝜙′

𝑘(𝑡)
∑

𝑙≠𝑘
𝐹𝑙,0(𝑡)

+ |

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

∑

𝑙≠𝑘
𝐹𝑙,1(𝑡) +

1
2
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

∑

𝑙≠𝑘
𝐹𝑙,2(𝑡)

)

with

Ω =
𝑁
∑

𝑘=1

(

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼0 + 𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼2

+ 𝜋
3

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼3 .

For 𝑛 = 1, 2, 3

𝐹𝑘,𝑛 =
(

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛 +
𝜋
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼𝑛+3
)

+ 2𝜋
(

𝜙′
𝑘(𝑡)𝐸𝑘,𝑛 + |𝜙′′

𝑘 (𝑡)|𝐸𝑘,𝑛+1 +
1
2
|𝜙′′′

𝑘 (𝑡)|𝐸𝑘,𝑛+2

)

.

The proof of this lemma is also similar to Lemma 6 in [19]. The difference between them is that we now need to do further estimates 
to

|

|

|

|

𝜕𝑡𝑇
(𝑥2 𝑔)
𝑓 − 𝜕𝑡𝑇

(𝑥2 𝑔)
𝑓𝑘

|

|

|

|

≤ 𝜖
∑

𝑙≠𝑘
𝐹𝑙,2(𝑡) .

Lemma 5.  If (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 for some 𝑘, 1 ≤ 𝑘 ≤ 𝐾,  then 
|

|

|

|

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓 + 2𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑔)
𝑓 + 2𝜙′′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑥𝑔)
𝑓

+𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝜕
2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓 + 1

2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓

)

|

|

|

|

< 𝜖𝐵𝑘,3

where

𝐵𝑘,3 =
𝑁
∑

𝑘=1

((

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼0 + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼1

+ 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

𝐼2 +
𝜋
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞Φ𝑘𝐼3

)

+ 2𝜋
𝑁
∑

𝑙≠𝑘

(

|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐸𝑙,0(𝑡) + 2||
|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐹𝑙,0(𝑡) + 2||
|

𝜙′′′
𝑙 (𝑡)||

|

𝐹𝑙,1(𝑡)

+ |

|

|

𝜙′
𝑙(𝑡)

|

|

|

𝐺𝑙,0(𝑡) +
|

|

|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐺𝑙,1(𝑡) +
1
2
|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐺𝑙,2(𝑡)
)

+ 2𝜋
𝑁
∑

𝑙≠𝑘

(

|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐸𝑙,0(𝑡) + 2||
|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐹𝑙,0(𝑡) + 2||
|

𝜙′′′
𝑘 (𝑡)||

|

𝐹𝑙,1(𝑡)

+ |

|

|

𝜙′
𝑘(𝑡)

|

|

|

𝐺𝑙,0(𝑡) +
|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐺𝑙,1(𝑡) +
1
2
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐺𝑙,2(𝑡)
)

with

Φ𝑘 = ‖

‖

‖

𝐴′′
𝑘
‖

‖

‖𝐿∞ + 2𝜋
(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + ‖

‖

‖

𝜙′′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞ + ‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞
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+ 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

and

𝐺𝑘,𝑛(𝑡) = 2𝜋
(

|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐸𝑘,𝑛(𝑡) +
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐸𝑘,𝑛+1(𝑡) +
|

|

|

𝜙′
𝑘(𝑡)

|

|

|

𝐹𝑘,𝑛(𝑡)

+ |

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐹𝑘,𝑛+1(𝑡) +
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

2
𝐹𝑘,𝑛+2(𝑡)

)

+
(

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼𝑛 + 𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼𝑛+2

+ 𝜋
3

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+3 .

Proof.  If 𝑓𝑘(𝑥) = 𝐴𝑘(𝑥)𝑒2𝜋𝑖𝜙𝑘(𝑥), then one has
𝑓 ′′′
𝑘 (𝑥) =𝐴′′′

𝑘 (𝑥)𝑒2𝜋𝑖𝜙𝑘(𝑥) + 𝐴′′
𝑘 (𝑥)2𝜋𝑖𝜙

′
𝑘(𝑥)𝑒

2𝜋𝑖𝜙𝑘(𝑥) + 2𝜋𝑖𝜙′′′
𝑘 (𝑥)𝑓𝑘(𝑥)

+ 4𝜋𝑖𝜙′′
𝑘 (𝑥)𝑓

′
𝑘(𝑥) + 2𝜋𝑖𝜙𝑘(𝑥)𝑓 ′′

𝑘 (𝑥).

Denote the five terms in the right-handed side by 𝑓𝑘,1, 𝑓𝑘,2,⋯ , 𝑓𝑘,5, respectively, and hence

𝑓 (𝑥) =
𝑁
∑

𝑘=1
𝑓𝑘(𝑥), 𝑓 ′′′(𝑥) =

𝑁
∑

𝑘=1
𝑓𝑘,1(𝑥) + 𝑓𝑘,2(𝑥) +⋯ + 𝑓𝑘,5(𝑥).

Denote the kernel by
(𝑥 − 𝑡) ∶= 𝑒−2𝜋𝑖𝜉(𝑥−𝑡)−𝜋𝑖𝜆(𝑥−𝑡)

2
,

The first and second terms give 
|

|

|

|

𝑇 (𝑔)
𝑓𝑘,1

|

|

|

|

=
|

|

|

|

∫ 𝐴′′′
𝑘 (𝑥)𝑒2𝜋𝑖𝜙𝑘(𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥

|

|

|

|

≤ ‖

‖

‖

𝐴′′′
𝑘
‖

‖

‖𝐿∞𝐼0 ≤ 𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼0

|

|

|

|

𝑇 (𝑔)
𝑓𝑘,2

|

|

|

|

=
|

|

|

|

∫ 𝐴′′
𝑘 (𝑥)2𝜋𝑖𝜙

′
𝑘(𝑥)𝑒

2𝜋𝑖𝜙𝑘(𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥
|

|

|

|

≤ 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝐴′′
𝑘
‖

‖

‖𝐿∞𝐼0

≤ 2𝜋𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞𝐼0,

the third term yields
|

|

|

|

𝑇 (𝑔)
𝑓𝑘,3

− 2𝜋𝑖𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓𝑘

|

|

|

|

= 2𝜋
|

|

|

|

∫
(

𝜙′′′
𝑘 (𝑥) − 𝜙′′′

𝑘 (𝑡)
)

𝑓𝑘(𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥
|

|

|

|

≤ 2𝜋‖‖
‖

𝜙(4)
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼1 ≤ 2𝜋𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼1,

the fourth term yields
|

|

|

|

𝑇 (𝑔)
𝑓𝑘,4

− 4𝜋𝑖
(

𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑔)
𝑓𝑘

+ 𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

)

|

|

|

|

= 4𝜋
|

|

|

|

∫
(

𝜙′′
𝑘 (𝑥) − 𝜙′′

𝑘 (𝑡) − 𝜙′′′(𝑡)(𝑥 − 𝑡)
)

𝑓 ′
𝑘(𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥

|

|

|

|

≤
|

|

|

|

∫

( 1
2
𝜙(4)
𝑘 (𝜏)(𝑥 − 𝑡)2

)

𝑓 ′
𝑘(𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥

|

|

|

|

≤ 2𝜋‖‖
‖

𝜙(4)
𝑘
‖

‖

‖𝐿∞

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

𝐼2

≤ 2𝜋𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

𝐼2,

and the last term leads to
|

|

|

|

𝑇 (𝑔)
𝑓𝑘,5

− 2𝜋𝑖
(

𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑘

+ 𝜙′′
𝑘 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

|

|

|

|

= 2𝜋
|

|

|

|

∫

( 1
3!
𝜙(4)
𝑘 (𝜏)(𝑥 − 𝑡)3

)

𝑓 ′′
𝑘 (𝑥)𝑔(𝑥 − 𝑡)(𝑥 − 𝑡)𝑑𝑥

|

|

|

|

≤ 𝜋
3
‖

‖

‖

𝜙(4)
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝑓 ′′
𝑘
‖

‖

‖𝐿∞𝐼3 ≤
𝜋𝜖
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝑓 ′′
𝑘
‖

‖

‖𝐿∞𝐼3

where

‖

‖

‖

𝑓 ′′
𝑘
‖

‖

‖𝐿∞ ≤ ‖

‖

‖

𝐴′′
𝑘
‖

‖

‖𝐿∞ + 2𝜋
(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + ‖

‖

‖

𝜙′′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞
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+ ‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

= Φ𝑘

and
|

|

|

|

|

|

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

𝑁
∑

𝑘=1

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓𝑘
+ 2𝜙′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑔)
𝑓𝑘

+ 2𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑘

+ 𝜙′′
𝑘 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

|

|

|

|

|

≤ 𝜖
𝑁
∑

𝑘=1

(

(‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞ )𝐼0 + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼1

+ 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

𝐼2 +
𝜋
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞Φ𝑘𝐼3

)

.

Applying the proof in Lemma 4,
|

|

|

|

𝜕2𝑡𝑡𝑇
(𝑥𝑛𝑔)
𝑓𝑘

− 2𝜋𝑖
(

𝜙′′
𝑘 (𝑡)𝑇

(𝑥𝑛𝑔)
𝑓𝑘

+ 𝜙′′′
𝑘 (𝑡)𝑇 (𝑥𝑛+1𝑔)

𝑓𝑘
+ 𝜙′

𝑘(𝑡)𝜕𝑡𝑇
(𝑥𝑛𝑔)
𝑓𝑘

+ 𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑛+1𝑔)
𝑓𝑘

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑛+2𝑔)
𝑓𝑘

)

|

|

|

|

≤ 𝜖
(

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼𝑛 + 𝜋𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼𝑛+2

+ 𝜋𝜖
3

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+3 .

This implies that, combining with Lemma 2, for 𝑛 = 0, 1, 2, 3…
|

|

|

𝜕2𝑡𝑡𝑇
(𝑥𝑛𝑔)
𝑓𝑘

|

|

|

≤ 2𝜋𝜖
(

|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐸𝑘,𝑛(𝑡) +
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐸𝑘,𝑛+1(𝑡) +
|

|

|

𝜙′
𝑘(𝑡)

|

|

|

𝐹𝑘,𝑛(𝑡)

+ |

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐹𝑘,𝑛+1(𝑡) +
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

2
𝐹𝑘,𝑛+2(𝑡)

)

+ 𝜖
(

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼𝑛 + 𝜋𝜖‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼𝑛+2

+ 𝜋𝜖
3

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞𝐼𝑛+3

= 𝜖𝐺𝑘,𝑛(𝑡) .

Therefore, for 𝑛 = 0, 1, 2, 3…
|

|

|

𝜕2𝑡𝑡𝑇
(𝑥𝑛𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑛𝑔)
𝑓𝑘

|

|

|

≤ 𝜖
∑

𝑙≠𝑘
𝐺𝑙,𝑛(𝑡).

Consequently, as (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘,

|

|

|

|

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓 + 2𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑔)
𝑓 + 2𝜙′′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑥𝑔)
𝑓 + 𝜙′

𝑘(𝑡)𝜕
2
𝑡𝑡𝑇

(𝑔)
𝑓

+ 𝜙′′
𝑘 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓 + 1

2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓

)

|

|

|

|

≤
|

|

|

|

|

|

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

𝑁
∑

𝑘=1

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓𝑘
+ 2𝜙′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑔)
𝑓𝑘

+ 2𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑘

+ 𝜙′′
𝑘 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

|

|

|

|

+
|

|

|

|

|

|

2𝜋𝑖
𝑁
∑

𝑙≠𝑘

(

𝜙′′′
𝑙 (𝑡)𝑇 (𝑔)

𝑓𝑙
+ 2𝜙′′

𝑙 (𝑡)𝜕𝑡𝑇
(𝑔)
𝑓𝑙

+ 2𝜙′′′
𝑙 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑙

+ 𝜙′
𝑙(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑙

+ 𝜙′′
𝑙 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑙

+1
2
𝜙′′′
𝑙 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑙

)

|

|

|

|

+
|

|

|

|

2𝜋𝑖
(

𝜙′′′
𝑘 (𝑡)

(

𝑇 (𝑔)
𝑓 − 𝑇 (𝑔)

𝑓𝑘

)

+ 2𝜙′′
𝑘 (𝑡)

(

𝜕𝑡𝑇
(𝑔)
𝑓 − 𝜕𝑡𝑇

(𝑔)
𝑓𝑘

)

+2𝜙′′′
𝑘 (𝑡)

(

𝜕𝑡𝑇
(𝑥𝑔)
𝑓 − 𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

)

+ 𝜙′
𝑘(𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑔)
𝑓𝑘

)
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+𝜙′′
𝑘 (𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑥𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

)

+ 1
2
𝜙′′′
𝑘 (𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑥2𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

)

|

|

|

|

|

∶= 𝐽1 + 𝐽2 + 𝐽3

where

𝐽1 =
|

|

|

|

|

|

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

𝑁
∑

𝑘=1

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓𝑘
+ 2𝜙′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑔)
𝑓𝑘

+ 2𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑘

+ 𝜙′′
𝑘 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

|

|

|

|

≤ 𝜖
𝑁
∑

𝑘=1

((

‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖

2

𝐿∞

)

𝐼0 + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞𝐼1

+ 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞

(

‖

‖

‖

𝐴′
𝑘
‖

‖

‖𝐿∞ + 2𝜋‖‖
‖

𝜙′
𝑘
‖

‖

‖𝐿∞
‖

‖

𝐴𝑘
‖

‖𝐿∞

)

𝐼2 +
𝜋
3
‖

‖

‖

𝜙′
𝑘
‖

‖

‖𝐿∞Φ𝑘𝐼3

)

,

𝐽2 =
|

|

|

|

|

|

2𝜋𝑖
𝑁
∑

𝑙≠𝑘

(

𝜙′′′
𝑙 (𝑡)𝑇 (𝑔)

𝑓𝑙
+ 2𝜙′′

𝑙 (𝑡)𝜕𝑡𝑇
(𝑔)
𝑓𝑙

+ 2𝜙′′′
𝑙 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑙

+ 𝜙′
𝑙(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓𝑙

+ 𝜙′′
𝑙 (𝑡)𝜕

2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑙

+1
2
𝜙′′′
𝑙 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑙

)

|

|

|

|

≤ 2𝜋𝜖
𝑁
∑

𝑙≠𝑘

(

|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐸𝑙,0(𝑡) + 2||
|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐹𝑙,0(𝑡) + 2||
|

𝜙′′′
𝑙 (𝑡)||

|

𝐹𝑙,1(𝑡)

+ |

|

|

𝜙′
𝑙(𝑡)

|

|

|

𝐺𝑙,0(𝑡) +
|

|

|

𝜙′′
𝑙 (𝑡)

|

|

|

𝐺𝑙,1(𝑡) +
1
2
|

|

|

𝜙′′′
𝑙 (𝑡)||

|

𝐺𝑙,2(𝑡)
)

,

and

𝐽3 =
|

|

|

|

2𝜋𝑖
(

𝜙′′′
𝑘 (𝑡)

(

𝑇 (𝑔)
𝑓 − 𝑇 (𝑔)

𝑓𝑘

)

+ 2𝜙′′
𝑘 (𝑡)

(

𝜕𝑡𝑇
(𝑔)
𝑓 − 𝜕𝑡𝑇

(𝑔)
𝑓𝑘

)

+2𝜙′′′
𝑘 (𝑡)

(

𝜕𝑡𝑇
(𝑥𝑔)
𝑓 − 𝜕𝑡𝑇

(𝑥𝑔)
𝑓𝑘

)

+ 𝜙′
𝑘(𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑔)
𝑓𝑘

)

+𝜙′′
𝑘 (𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑥𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓𝑘

)

+ 1
2
𝜙′′′
𝑘 (𝑡)

(

𝜕2𝑡𝑡𝑇
(𝑥2𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓𝑘

)

)

|

|

|

|

|

≤ 2𝜋𝜖
𝑁
∑

𝑙≠𝑘

(

|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐸𝑙,0(𝑡) + 2||
|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐹𝑙,0(𝑡) + 2||
|

𝜙′′′
𝑘 (𝑡)||

|

𝐹𝑙,1(𝑡)

+ |

|

|

𝜙′
𝑘(𝑡)

|

|

|

𝐺𝑙,0(𝑡) +
|

|

|

𝜙′′
𝑘 (𝑡)

|

|

|

𝐺𝑙,1(𝑡) +
1
2
|

|

|

𝜙′′′
𝑘 (𝑡)||

|

𝐺𝑙,2(𝑡)
)

.

Combine the above three estimates to conclude the proof of this lemma. ∎

Lemma 6. For any (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 such that ||
|

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆)||

|

> 𝜖, ||
|

𝑞0𝑓 (𝑡, 𝜉, 𝜆)
|

|

|

> 𝜖 and 𝜋
|

|

|

|

|

|

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)

|

|

|

|

|

|

> 𝜖 , we have

|𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′
𝑘 (𝑡)| ≤ 𝜖

provided 𝜖 is sufficiently small.
Proof.  Let

𝑄 = 2 + 𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)

and

𝑁 = 𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

then we have
|𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′

𝑘 (𝑡)|
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=

|

|

|

|

|

|

|

|

|

|

|

|

𝜙′′′
𝑘 (𝑡) − 1

𝜋𝑖
𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 + 𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎥

⎦

−1
|

|

|

|

|

|

|

|

|

|

|

|

= 1
𝜋|𝑄|

|

|

|

𝑁 − 𝜋𝑖𝑄𝜙′′′
𝑘 (𝑡)||

|

.

Recall that 𝑞0𝑓 = 1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

, so we naturally have

(𝑇 (𝑔)
𝑓 )2𝑞0𝑓 =

(

(𝑇 (𝑔)
𝑓 )2 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

. After simplifying and rewriting the equation in an appropriate order, at (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘, it will become

𝜋|𝑄|

|

|

|

|

𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′
𝑘 (𝑡)

|

|

|

|

=
|

|

|

|

1
𝑇 (𝑔)
𝑓 𝑞0𝑓

[

𝜕3𝑡𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′′
𝑘 (𝑡)𝑇 (𝑔)

𝑓 + 2𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑔)
𝑓 + 2𝜙′′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑥𝑔)
𝑓

+ 𝜙′
𝑘(𝑡)𝜕

2
𝑡𝑡𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝜕
2
𝑡𝑡𝑇

(𝑥𝑔)
𝑓 + 1

2
𝜙′′′
𝑘 (𝑡)𝜕2𝑡𝑡𝑇

(𝑥2𝑔)
𝑓

)]

+ 1
(𝑇 (𝑔)

𝑓 )3(𝑞0𝑓 )
2

[

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′
𝑘 (𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′′

𝑘 (𝑡)𝑇 (𝑥𝑔)
𝑓 + 𝜙′

𝑘(𝑡)𝜕𝑡𝑇
(𝑔)
𝑓

+ 𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓 + 1

2
𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥2𝑔)
𝑓

)]

×
(

𝑇 (𝑥𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑔)
𝑓 − 𝑇 (𝑔)

𝑓

(

2𝜕𝑡𝑇
(𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓

)

−
[

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝑇
(𝑥𝑔)
𝑓 +

𝜙′′′
𝑘 (𝑡)
2

𝑇 (𝑥2𝑔)
𝑓

)

]

𝜕𝑡𝑇
(𝑥𝑔)
𝑓

)

− 1
(𝑇 (𝑔)

𝑓 )3(𝑞0𝑓 )
2

[

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝑇
(𝑥𝑔)
𝑓 +

𝜙′′′
𝑘 (𝑡)
2

𝑇 (𝑥2𝑔)
𝑓

)

]

×
(

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

− 𝜕𝑡𝑇
(𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓 − 2(𝜕𝑡𝑇

(𝑔)
𝑓 )2

−
[

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′
𝑘 (𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′′

𝑘 (𝑡)𝑇 (𝑥𝑔)
𝑓 + 𝜙′

𝑘(𝑡)𝜕𝑡𝑇
(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝜕𝑡𝑇
(𝑥𝑔)
𝑓

+ 1
2
𝜙′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥2𝑔)
𝑓

)]

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

)

|

|

|

|

.

Applying the previous lemmas to dominate these three terms, we have

𝜋|𝑄|

|

|

|

|

𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′
𝑘 (𝑡)

|

|

|

|

≤
𝜖𝐵𝑘,3

|𝑇 (𝑔)
𝑓 𝑞0𝑓 |

+
𝜖𝐵𝑘,2

(

|

|

|

𝑇 (𝑥𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑔)
𝑓

|

|

|

+ 𝜖𝐵𝑘,1
|

|

|

𝜕𝑡𝑇
(𝑥𝑔)
𝑓

|

|

|

+
|

|

|

|

𝑇 (𝑔)
𝑓

(

2𝜕𝑡𝑇
(𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

)

|𝑇 (𝑔)
𝑓 |

3(𝑞0𝑓 )
2

+
𝜖𝐵𝑘,1

(

|

|

|

|

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

+ |

|

|

𝜕𝑡𝑇
(𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓

|

|

|

+ 2(𝜕𝑡𝑇
(𝑔)
𝑓 )2

|𝑇 (𝑔)
𝑓 |

3(𝑞0𝑓 )
2

+𝜖𝐵𝑘,2
|

|

|

|

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

)

|𝑇 (𝑔)
𝑓 |

3(𝑞0𝑓 )
2

.
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With the uniform boundedness of 𝐵𝑘,𝑛(𝑡),
|

|

|

𝜕2𝑡𝑡𝑇
(𝑥𝑛𝑔)
𝑓

|

|

|

, ||
|

𝜕𝑡𝑇
(𝑥𝑛𝑔)
𝑓

|

|

|

 and ||
|

𝑇 (𝑥𝑛𝑔)
𝑓

|

|

|

, we also get the boundedness of ||
|

𝑞0𝑓
|

|

|

. If we impose an extra 
restriction on 𝜖, namely that, for all 𝑘 ∈ {1,… , 𝐾} and all (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘,

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(𝑇 (𝑔))2|𝑞0𝑓 |𝐵𝑘,3

+ 𝐵𝑘,2

(

|

|

|

𝑇 (𝑥𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑔)
𝑓

|

|

|

+ 𝜖𝐵𝑘,1
|

|

|

𝜕𝑡𝑇
(𝑥𝑔)
𝑓

|

|

|

+
|

|

|

|

𝑇 (𝑔)
𝑓

(

2𝜕𝑡𝑇
(𝑔)
𝑓 − 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

)

+ 𝐵𝑘,1

(

|

|

|

|

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

+ |

|

|

𝜕𝑡𝑇
(𝑔)
𝑓 𝜕2𝑡𝑡𝑇

(𝑥𝑔)
𝑓

|

|

|

+ 2(𝜕𝑡𝑇
(𝑔)
𝑓 )2

+ 𝜖𝐵𝑘,2
|

|

|

|

(

𝑇 (𝑔)
𝑓 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓

)

|

|

|

|

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

−1

≥ 𝜖3,

then |𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′′
𝑘 (𝑡)| ≤ 𝜖. ∎

Lemma 7. For any (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 such that ||
|

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆)||

|

> 𝜖, ||
|

𝑞0𝑓 (𝑡, 𝜉, 𝜆)
|

|

|

> 𝜖 and 𝜋
|

|

|

|

|

|

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)

|

|

|

|

|

|

> 𝜖 , we have

|𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′

𝑘 (𝑡)| ≤ 𝜖

provided 𝜖 is sufficiently small. 
Proof.  By the previous lemmas, we have at (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘

|

|

|

𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′

𝑘 (𝑡)
|

|

|

=

|

|

|

|

|

|

|

|

|

|

|

|

𝜕𝑡

(

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

)

− 𝜋𝑖𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)

[

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)]

2𝜋𝑖

(

1 + 𝜕𝑡

(

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

)) − 𝜙′′
𝑘 (𝑡)

|

|

|

|

|

|

|

|

|

|

|

|

=

|

|

|

|

|

|

|

|

|

𝑇 (𝑔)
𝑓

[

𝜕2𝑡𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′′
𝑘 (𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′′

𝑘 (𝑡)𝑇 (𝑥𝑔)
𝑓 + 𝜙′

𝑘(𝑡)𝜕𝑡𝑇
(𝑔)
𝑓

2𝜋𝑖
(

(𝑇 (𝑔)
𝑓 )2 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

+
𝜙′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥𝑔)
𝑓 + 1

2𝜙
′′′
𝑘 (𝑡)𝜕𝑡𝑇

(𝑥2𝑔)
𝑓

)]

2𝜋𝑖
(

(𝑇 (𝑔)
𝑓 )2 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

−
𝜕𝑡𝑇

(𝑔)
𝑓

[

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝑇
(𝑥𝑔)
𝑓 +

𝜙′′′𝑘 (𝑡)
2 𝑇 (𝑥2𝑔)

𝑓

)]

2𝜋𝑖
(

(𝑇 (𝑔)
𝑓 )2 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

+

𝜋𝑖
(

𝜙′′′
𝑘 (𝑡) − 𝜃(𝑔)𝑓

)(

𝑇 (𝑔)
𝑓

)2
[

2
𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

+ 𝜕𝑡

(

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

)]

2𝜋𝑖
(

(𝑇 (𝑔)
𝑓 )2 + 𝜕𝑡𝑇

(𝑥𝑔)
𝑓 𝑇 (𝑔)

𝑓 − 𝑇 (𝑥𝑔)
𝑓 𝜕𝑡𝑇

(𝑔)
𝑓

)

|

|

|

|

|

|

|

|

|

|

|

|

≤ 𝜖
2𝜋|𝑇 (𝑔)

𝑓 𝑞0𝑓 |
𝐵𝑘,2 +

𝜖
2𝜋(𝑇 (𝑔)

𝑓 )2|𝑞0𝑓 |
𝐵𝑘,1

|

|

|

𝜕𝑡𝑇
(𝑔)
𝑓

|

|

|

+ 𝜖
2|𝑞0𝑓 |

|

|

|

𝑞1𝑓
|

|

|

,

Also with the boundedness of ||
|

𝑞1𝑓
|

|

|

 and the similar argument in the proof of Lemma 6, |𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′′

𝑘 (𝑡)| ≤ 𝜖 if 𝜖 is sufficient small. ∎

Lemma 8. For any (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘 such that ||
|

𝑇 (𝑔)
𝑓 (𝑡, 𝜉, 𝜆)||

|

> 𝜖, ||
|

𝑞0𝑓 (𝑡, 𝜉, 𝜆)
|

|

|

> 𝜖 and 𝜋
|

|

|

|

|

|

2 + 𝜕𝑡

(

𝑞1𝑓
𝑞0𝑓

)

|

|

|

|

|

|

> 𝜖 , we have

|𝜔(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′

𝑘(𝑡)| ≤ 𝜖

provided 𝜖 is sufficiently small. 
Proof.  By the previous lemmas, we have at (𝑡, 𝜉, 𝜆) ∈ 𝑀𝑘

|𝜔(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′

𝑘(𝑡)|

=
|

|

|

|

|

|

|

1
2𝜋𝑖

⎛

⎜

⎜

⎝

𝜕𝑡𝑇
(𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 1
2
𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)

⎛

⎜

⎜

⎝

𝑇 (𝑥2𝑔)
𝑓

𝑇 (𝑔)
𝑓

⎞

⎟

⎟

⎠

− 𝜙′
𝑘(𝑡)

|

|

|

|

|

|

|
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=
|

|

|

|

|

|

|

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖𝜇(𝑔)

𝑓 (𝑡, 𝜉, 𝜆)𝑇 (𝑥𝑔)
𝑓 − 𝜋𝑖𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆)𝑇 (𝑥2𝑔)

𝑓 − 2𝜋𝑖𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓

2𝜋𝑖𝑇 (𝑔)
𝑓

|

|

|

|

|

|

|

=
|

|

|

|

[

𝜕𝑡𝑇
(𝑔)
𝑓 − 2𝜋𝑖

(

𝜙′
𝑘(𝑡)𝑇

(𝑔)
𝑓 + 𝜙′′

𝑘 (𝑡)𝑇
(𝑥𝑔)
𝑓 +

𝜙′′′𝑘 (𝑡)
2 𝑇 (𝑥2𝑔)

𝑓

)]

2𝜋𝑖𝑇 (𝑔)
𝑓

+
(𝜙′′

𝑘 (𝑡) − 𝜇(𝑔)
𝑓 (𝑡, 𝜉, 𝜆))𝑇 (𝑥𝑔)

𝑓

𝑇 (𝑔)
𝑓

+
(𝜙′′′

𝑘 (𝑡) − 𝜃(𝑔)𝑓 (𝑡, 𝜉, 𝜆))𝑇 (𝑥2𝑔)
𝑓

2𝑇 (𝑔)
𝑓

|

|

|

|

≤ 𝜖
2𝜋|𝑇 (𝑔)

𝑓 |

𝐵𝑘,1 +
𝜖

|𝑇 (𝑔)
𝑓 |

|

|

|

𝑇 (𝑥𝑔)
𝑓

|

|

|

+ 𝜖
2|𝑇 (𝑔)

𝑓 |

|

|

|

|

𝑇 (𝑥2𝑔)
𝑓

|

|

|

|

.

With the similar argument as in the proof of Lemma 6, we have |𝜔(𝑔)
𝑓 (𝑡, 𝜉, 𝜆) − 𝜙′

𝑘(𝑡)| ≤ 𝜖, if 𝜖 is sufficiently small. ∎
Combining all these lemmas, one can conclude the proof of Theorem 1.
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